Models in space and time

Natural systems always have a spatial expansion. Spatial movements of mass or energy are described by the term transport phenomena. Every (intensive) state variable (concentration of a chemical dissociation, temperature, impulse resp. velocity etc.) thus depends on reactions and transport. 

A system is spatially (nearly) homogeneous (no variations in concentration) when the mixing processes happen much faster than the reactions. In extreme cases the system’s spatial structure can be fully neglected, and the system can be described with a box model,

This lecture deals with the processes for which the simultaneous registration of reactions and transport phenomena is necessary. Functions in space and time:

V(x, y, z; t) = V(r; t)

With space r = (x, y, z) and time t.
The differential equations describing the process V(r; t) usually contain derivations regarding time and space. Therefore, they are called partial differential equations. To describe the transport, we distinguish two basically different processes:

Advection: All variables are transported into the same direction (direction of flow). The flow vector v is characteristic.

Diffusion: The state variables are transported along their spatial gradient, i.e. from higher (concentration, energy, ...) to lower values. The diffusivity D respective the diffusivities along the coordinate axes are

characteristic for these processes.

Transport through advection

The advection transports all variables along the streamlines of the velocity vector v = (vx; vy; vz). 

The flow F (transported mass per area and time) is calculated with the following function:

F = v C 

This is the flow law for the advective transport.
Mixing time for the advection

The mixing time for the advection t_Admix shows how long it takes until a distance l is covered with the velocity v:

t_Admix =  l/v
As the spatial extension of the system as well as the transport parameters v depend on the direction, t_Admix is usually anisotropic.

The sea and lakes, e. g., are often better mixed in horizontal direction than in vertical direction due to their density stratification, although their horizontal expanse often is much larger than their vertical expanse and scale.

The concentration law

From the flow law we derive the concentration law via the mass balance. The concentration law is valid for advective and diffusive transport. It shall be derived here, using the example of advective transport.

We look at the change in concentration dC/dt in the volume element A dx
for the one-dimensional case:
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Figure: Connection between flow law and concentration law, one-dimensional case

For the mass balance

dM/dt= Jin - Jout
is valid.

The area A can be shortened. When we diminish the volume, the concentration law is deduced.

Setting for the one-dimensional case the advective flow along the x-axis, Fx = vx C results in

…

We can proceed like that for the two other spatial directions in the Cartesian coordinate system and use a cuboid of the volume dV = dx dy dz instead of the linear control volume along the x-axis.

The concentration law is valid for advective and diffusive transport and reads for the one-dimensional case:

dC/dt= - div F

This law is also called continuity equation.
Transport by diffusion

Contrary to advection, diffusion allows simultaneous transport into different directions. Diffusion is responsible for the homogenisation of material, energy (temperature), and impulse. It is always the result of a multitude of random transport processes. Molecular diffusion, e. g., results from the molecular temperature movement, which haphazardly moves the molecules dissolved in the water relative to the water molecules. During turbulent diffusion, single water eddies fortuitously shift whole water packages against each other.

In spite of the motion’s randomness on a microscopic level, the diffusion’s impact can macroscopically be described by a simple law. The first Fickian law describes the diffusive flow as a function of the (macroscopic) concentration gradient:

F(x) = D \grad C

D means diffusion coefficient.

The first Fickian Law is a flux-gradient model. Such a model always occurs where a stochastic process is responsible for the transport, e. g. molecular heat flux, molecular diffusion, etc. With the first Fickian law transport processes with different spatial scales can be described. The occurring diffusion coefficients differ by many decimal powers (Table):

diffusion coefficient range

molecular, dissolved material in water m^2/s

heat diffusion in water 

turbulent diffusion in the lake, vertical 

horizontal

An illustrative explanation for the flux-gradient model: Due to the turbulence the volumina q are exchanged within a certain time. This results in the following net flow in x-direction:

F = qC(x)-qC(x+dx) 

Proceeding from the assumption that the two places are quite near each other, so that dx is small, the concentration at the place x + dx can be approached in a linear way by that at x, which results in:

…

Summing up all comparable exchange processes i within a certain time, we get a mean flux per time and area,

while D is the turbulent diffusion coefficient, the sum of all events of exchange per area and time.

This equation enables us to understand the creation of the turbulent diffusion coefficient. It is the product of the exchange volumes qi per time and the mixing length dxi.

Not only the turbulent diffusion, but every process which can be described by the Fickian law (i. e. by a flux-gradient model), can be interpreted as a product with a velocity and a length. This is especially valid for the molecular diffusion coefficient which represents the product of the mean molecular velocity (temperature movement) and the mean free way length.

Mixing time for the diffusion

…

The formula dates from Einstein and Sinoluchowski who, independently of each other, showed that the diffusion distance is proportional to dt. If there is diffusive and advective mixing in a system (e. g. sea) at the same time (which is the case in most natural systems), the question is which process is faster. Comparing the two mixing times we get:

t_ Diffmix

The distance l1, where both times are of the same length, is

L1 = D v

For l < l1 diffusion prevails, for l > l1 advection.

Example comparison of mixing times

1. molecular diffusion:

D = 10^-9m2s^-1

v = 10^-2ms^-1

2. turbulent diffusion:

D = 

v = 

Conclusion: Compared to advection, molecular diffusion can only play a role if v is practically zero. This is, e. g., the case in the pore space of the sediments.

