Mathematical Modelling (part 4)

More general things about modeling …
dy/dt = f(y,t)

If the function f is linear, we speak of a linear model. Linear models can be solved with analytical methods. To solve non-linear models, in most cases we have to revert to numerical methods. Numerical methods for ordinary differential equations were considered in the last lesson.

Continuous vs. discrete dynamics

At least before the discovery of quantum mechanics, natural scientists were convinced that a system's conditions change continuously. They postulated: „Nature does not jump“. Properly looking, however, for many systems having nothing to do with quantum mechanics this is not correct.

Examples are: number of individuals, population dynamics

Dynamical models which are continuous in time are described with differential equations, time-discrete models are described with so-called difference equations:

x(k+1) = f(x(k)) 
Example Logistic Growth:

x(n+1)= r x(n)  ( 1- x(n))

Please write a small program and make tests for different parameter of r,
r=1,2,3,3.49,3.59,3.69,3.7,3.85,4 !
Partial differential equations
Real systems have a spatial extension. In some models, however, the spatial dimension does not play any role. The pressure in a closed gas kettle, for example, is equally high everywhere. The starch production of a cornfield can be calculated as a function for the total biomass, without having to consider the production of each single ear as a function for the place. In other cases, however, spatial distribution is very important. If we want, for example, to examine the effects of a leakage in an oil tank on the local groundwater current, we cannot simply proceed from the assumption that the leaked oil spreads infinitely fast over the whole groundwater carrier. The process of extension by diffusion, flow and dispersion is described by a spatially and temporally variable concentration function C(x; y; z; t). The model equations are then mostly partial differential equations. These types of equations will be studied later. 

Systems are integrated in their environment and are therefore influenced by it. Furthermore, their dynamics depend on their inner structure. Systems do also possess self-reinforcing tendencies, which develop if in the absense of external disturbances. In case of linear systems this tendency is determined by eigenfunction and eigenvalues. If a system's model does not consider any external forces, it is called autonomous. Autonomous systems are described by equations whose changing function f(.) is not explicitly time-dependent.

In deterministic models, coincidental variations of model parameters and external forces are excluded. Stochastic models, however, allow coincidental processes. The dynamics of stochastic models can only be predicted in a limited way. Even in case of identical initial conditions stochastic systems develop slightly differently in every new calculation. We are therefore less interested in the result of a single model calculation, but in distribution and mean values, which are found in many calculations. In this sense, quasi-deterministic mean value calculations can be done with stochastic models. 

Examples: Brownian motion, Ornstein-Uhlenbeck process.

Will be the topic of another lesson.

Brownian motion (Einstein, 1905): This paper provided evidence for the existence of thermal (random) motion of very small particles (molecules) in a gas or a fluid.
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Dimension

Mathematical models combine measuring values, which usually have a dimension. The basic dimensions in physics, denoted with capitals, are:

[ L ] length 

[ M ] mass

[ T ] time 

[ Q ] electric charge

[ K ] temperature

[ N ] number (of individuals, atoms, etc.)

All other dimensions can be compiled from the basic dimensions

speed

power

energy or work

pressure

ask for others?

Details originate from the explicit choice of a measuring system for the dimensions; they are thus more specific than dimensions and not to be confused with them. Normally, so-called SI units are used, i. e. m metres for length, kg kilogramme for mass, …

As long as we only calculate with algebraic terms, the choice of units does not play any role (only the dimensions must always correspond on both sides of an equal sign!). When inserting numbers, however, a consistent set of units must be chosen.

Controlling dimensions and units is one of the most simple and efficient methods to avoid mistakes in establishing and solving model equations. The following rules have to be considered:

- The terms to the left and to the right of the equal sign must always show the same dimensions/units!

- Addition and subtraction are only possible, if all terms show the same 

  dimension/unit!

- Exponents in equations do not have dimensions resp. units!

- Avoid equations in which values with dimensions are exponentiated with a non-integer.

Fix point

A special condition of the system originates, if df/dt = 0. This condition is called equilibrium or stationary solution; in mathematics it is also named fixed-point. 

It is an important question how fast the system moves from any initial concentration to the equilibrium. This can only determine the time until dropping below a certain deviation from the equilibrium condition. The surely most popular example for such a time is the half life of a radioactive isotope. It is defined as the time in which the activity of a source of radiation bisects compared to the initial activity.

As the calculation of the adaptation time is a relative approximation to the balanced condition, except for a remaining part (percentage of the initial distance from the balance), the adaptation time does not depend on the initial or balance concentration.

Determining, however, the approximation of the balance to an absolute value, the time until the system has reached this concentration depends on the initial concentration.

Example: radioactive decay

Example: Lake model (black board)
Linear box model, superposition principle

Example: exponential immigration (next lesson)
The periodic disturbance of a system

Many natural systems are subject to periodic influences, e. g. the cycle of day and night, the seasons, the tides, etc. Such systems can be modelled quite easily. You may calculate the dynamics by yourself!
Exponential processes of decay: Four model types

We look at a substance (anorganic, organic or living), measured by its mass or number of individuals, to which nothing is added and which decays or dies in the process of time, as in the following examples:

(a) Trees absorb carbon dioxide from the air and store the contained carbon in their wood. A certain part of this carbon is radioactive (C14). When a tree is felled, no more external carbon enters the wood, and the contained C14 decays. How much of it is left after 10, 100, 1000 years? Knowing the answer, we can reciprocally conclude the wood’s age from the measured C14 content (C14 dating method).

(b) After an accident, a stretch of water is polluted with a toxic substance which is degraded by the inflow of fresh water and the discharge of the same quantity of toxic water. How does the concentration of poison develop in the process of time?

(c) In a closed habitat (e. g. a lake) we look at a generation of a certain species (e. g. all trouts which were one year old in the year 1992). Of course, such a peer group is reduced in the course of time. How does it develop? When does it die out completely?

(d) For fishery and the stipulation of fishing quota it is a relevant question which daily quantities of other fish are eaten by the average North Sea cod. Other than ashore, at sea this cannot be found out by direct observation. However, the stomach content of caught fish can be measured. To conclude the daily intake of nutrition, the velocity of their digestion, i. e. the depletion of their stomach must be known. This can be examined under laboratory conditions. How does the stomach content develop in the course of time if no food is added?





































































































































