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Mathematical Modelling (2nd lesson)

Mathematical models

A mathematical model consists of different components. The terms used in this lecture are explained in the following.

System variables

To describe a system's condition by means of a mathematical model, we use a certain number of so-called system variables yi (with i = 1 …n). The system variables yi are usually time-dependent. In spatially continuous models they also depend on one or more spatial coordinates. 

Input values, external forces, marginal values

The influence of the environment (i. e. the part of the world lying outside the chosen system limits) is described by the so-called input values. These are often named xj (j = 1 …m). Here, m is the number of input functions; these are usually time-dependent. In spatially continuous models they describe the input values, among others also the system's marginal conditions; mathematically such input values are called marginal values.

As the input values virtually drive the system from the outside (especially if they are variable in time), they are sometimes also called external forces.

System equations

The system equations combine the system variables Vi with the input values Jj, as schematically shown in Fig. 6. On principle, the corresponding mathematical functions f can be constructed in any complicated way. The so-called linear functions will play an important rol
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Fig. 6: Model construction
d/dt yi = f(xj) 

Types of mathematical models

The concepts behind the methods for constructing a mathematical model 

can be reduced to a few basic ideas, especially:

- balancing the masses, energies or individuals, etc.;

- describing chemical and simple biological transformations with 

  generalised stoichiometric reaction equations of different order;

- describing the development of the population of one or several species

  with simple equations for growth, mortality or interaction;

- describing transport processes with exchange rates, processes of 

  diffusion resp. advection;

- using statistical methods to describe systems with many free degrees.

To construct a model, these principles (and other physical or physical-chemical laws) are used to formulate the system equations. To solve these equations different mathematical methods are applied. For knowing how to find the solution it is important to be able to typecast the model equations.

If a model contains only one system variable (e. g. dx/dt = f(x)), we speak of a one-dimensional model. Correspondingly, we speak of two-, three- and n-dimensional models.

The model order classifies the models according to the highest degree of derivatives in the differential equations. Most of the models dealt with here are of first order regarding the time. In physics, especially in classic mechanics, model equations are often of second order regarding the time (acceleration). 

Examples for first order differential equations:
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Another example: Let's say you observe that the number of frogs in pond is increasing at a rate given by the equation 9t2-4t, where "t" is the number of weeks after the first day of spring. If we let y(t) be the number of frogs in the pond, this observation can be modeled by the following differential equation:

y'(t) = 9t2-4t.

Since this differential equation is also "just a derivative" we can solve it by doing an anti-derivative. (In the next section you will see how differential equations are normally different from being "just a derivative".) Thus after "doing the anti-derivative" we can see that y(t) = 3t3-2t2+C. If we want to be more formal about our work we can also solve the differential equation by setting up an integral.
The solution is still:

y(t) = 3t3-2t2+C.

Let's say that you also know that there were 12 frogs initially, y(0) = 12, you can use this information to solve for "C".

y(0) = 3(0)3-2(0)2+C = 12

C = 12

y(t) = 3t3-2t2+12.

Now this solution can be used to predict future numbers of frogs in the pond. How many frog will there be 10 weeks after the first day of spring?

y(10) = 3(10)3-2(10)2+12

y(10) = 3000-200+112 = 2812.

This solution predicts that there will be 2812 frogs in the pond 10 weeks after the first day of spring.
The next class of differential equations deal with growth and decay processes:
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In a model on the world's population, the function f depends on the birth rate b (number of births per person), the specific mortality rate d (number of fatalities per person and year), and the number of population N(t):

dN/dt = f(N; b; d) = (b-d)N
In this model, the birth rate b and the mortality rate s are the model parameters, the number of population N is the system variable.

N(t) = c exp[(b-d) *t ]

The constant c determines the function N(t). If we additionally insert the initial condition N(0) = N0, a complete solution can be found. 

Exponential processes of decay: Applications
We look at a substance (anorganic, organic or living), measured by its mass or number of individuals, to which nothing is added and which decays or dies in the process of time, as in the following examples:

(a) Trees absorb carbon dioxide from the air and store the contained carbon in their wood. A certain part of this carbon is radioactive (C14). When a tree is felled, no more external carbon enters the wood, and the contained C14 decays. How much of it is left after 10, 100, 1000 years? Knowing the answer, we can reciprocally conclude the wood’s age from the measured C14 content (C14 dating method).
A simple calculation:

14C(t) = 14C(t0) exp[-k (t-t0)] 

ln [14C(t)/14C(t0)] = -k (t-t0) 

D t = (t - t0) = -1/k  ln [14C(t)/14C(t0)] 

               = T1/2 / ln2 {ln [14C(t0)/14C(t)]}

k: radioactive decay constant of 14C

1/k =  mean life time = T1/2/ln2 

14-C is continually produced in the atomosphere and it is incorporated into all living creatures (via CO2 and food). The amount of 14-C in a living creature is constant. 

When the organism dies, the amount of 14-C starts to decrease, because no new 14-C from the atmosphere is being incorporated. By counting the remaining radioactivity, it is possible to tell how old an item is. 
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Question: A piece of fossilized wood has a carbon 14 radioactivity that is 1/4 that of new wood. The halflife of carbon14 is 5730 years. How old is the fossilized wood? 
a) 1 x 5730 = 5730 years 
b) 2 x 5730 = 11,460 years
c) 3 x 5730 = 17,190 years
d) 0.25 x 5730 = 1432 years 

(b) After an accident, a stretch of water is polluted with a toxic substance which is degraded by the inflow of fresh water and the discharge of the same quantity of toxic water. How does the concentration of poison develop in the process of time?
dC = - m dt/V C

C: concentration

m: inflow of freshwater

V: Volume of the lake

(c) In a closed habitat (e. g. a lake) we look at a generation of a certain species (e. g. all trouts which were one year old in the year 1992). Of course, such a peer group is reduced in the course of time. How does it develop? When does it die out completely?
(d) For fishery and the stipulation of fishing quota it is a relevant question which daily quantities of other fish are eaten by the average North Sea cod. Other than ashore, at sea this cannot be found out by direct observation. However, the stomach content of caught fish can be measured. To conclude the daily intake of nutrition, the velocity of their digestion, i. e. the depletion of their stomach must be known. This can be examined under laboratory conditions. How does the stomach content develop in the course of time if no food is added?
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Example for Newton’s law of cooling:

After spending many hours study for your class you decide to reward yourself with a case of Soda. Unfortunately, the supermarket only had warm case left, because other physics students got there first and got all of the cold ones. You buy several bags of ice and decide to chill it at home. When you get home the temperature of the soda is 30 degrees C and you proceed to pack it in ice. After ten minutes the temperature has cooled to 25 degrees C. If the Soda is best served at 10 degrees C or cooler, how much longer must you wait to enjoy your Soda?
You have to wait 50.26 minutes longer, see below for more info.
y(0)=30, y(10)=25, and M=0= temp of the ice.
A=30 and K=(-1/10) ln(25/30)=0.182,
time to reach 10 degree C is ln(30/10)/k=60 min after you first get home,
but you only have to wait 50 minutes longer.
Population dynamics

It is believed that a population, N, will grow at a rate which is somehow dependent upon its size. If we ignore the effect of immigration and emigration, then one view is to express such growth as a differential equation, dN/dt = rN, where r = the difference between the birth rate, b, and the death rate, d, and t is a convenient unit of time. The solution yields an exponential function, N = N0ert. If r is positive, one can readily deduce that the population will unrealistically grow to an unlimited size. While populations may manifest such growth patterns during periods of short duration, it is clear that there must be factors which attenuate growth in the long run. One model that takes these factors into account is the Verhulst equation. 

Since the resources of a population are generally limited, it is reasonable to assume that as its density increases and it approaches the carrying capacity of its environment, the birth rate will decline and the death rate increase. Thus we could redefine the birth rate as b = b0 - kbN, where b0 is the initial growth rate and kb is the rate at which the birth rate declines as N grows. Similarly, the death rate could be redefined as d = d0 + kdN, where d0 is the initial death rate and kd is the rate at which the death rate increases as N grows. In other words, the birth and death rates can be interpreted as linearly related to the size of the population. N will stabilize, or reach a fixed point, if b = d, or b0 + kbN = d0 + kdN. Solving for N, we get a carrying capacity K = (b0 - d0)/(kb + kd). Let r = b0 - d0. Then (kb + kd) = r/K. We will put this relationship aside for future reference. 

Let us now return to our original differential equation, modify the rate of growth in terms of our revised ideas about b and d, and perform some algebraic simplification: 

dN/dt = rN 

= (b-d)N 

= [(b0 - kbN) - (d0 + kdN)]N 

= [(b0 - d0) - (kb + kd)N]N 

= [r - (kb + kd)N]N 
Let (kb + kd) = r/K (from earlier calculation) 

= [r - rN/K]N 

= rN(1 - N/K) 

The Logistic Equation! 

Thus, the net rate of growth in the logistic equation is continually changing. If N is small relative to its carrying capacity, K, the rate will be near to the constant rate, r, of the exponential model. As N nears K, the rate will shrink toward 0. Theoretically, when N reaches K a situation of equilibrium will be reached and the population will be stable. If N were to somehow exceed K, the rate would become negative and the population would decrease toward the carrying capacity. The following graphic illustrates the negative linear slope of the net rate relative to population size. 
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Because the exponential increase describes an unlimited growth, this equation has been viewed as unrealistic: the argument goes that any population that gets to huge density will respond to overcrowding by a reduction in the per capita birth rate. The Logistic Equation has been proposed to overcome this deficiency of the above model. In this equation, we will define the variables: 

[image: image7.png]N(t) = population density




[image: image8.png]K = carrying capacity of the environment




[image: image9.png]T = reproductive parameter




The logistic equation (sometimes called the Verhulst model or logistic growth curve) is a model of population growth first published by Pierre Verhulst [image: image10.png]


 (1845, 1847). The model is continuous in time, but a modification of the continuous equation to a discrete quadratic recurrence equation known as the logistic map is also widely used. The continuous version of the logistic model is described by the differential equation 
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is the Malthusian parameter (rate of maximum population growth) and [image: image13.png]


is the so-called carrying capacity (i.e., the maximum sustainable population). Dividing both sides by [image: image14.png]
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then gives the differential equation 
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which is known as the logistic equation and has solution 
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is usually constrained to be positive, plots of the above solution are shown for various positive and negative values of [image: image19.png]


and initial conditions [image: image20.png]


ranging from 0.00 to 1.00 in steps of 0.05. 
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The discrete version of the logistic equation is known as the logistic map. The logistic map will considered later or in another lesson.
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Examples for logistic dynamics:
a)
A colony of donkeys is introduced to the lagoon area. Initially there are only 5 donkeys but six months later there are 8 donkey foraging around the lagoon. If the carrying capacity of the lagoon is 40 donkeys, how long after being introduced will the donkey population reach its 90% of its maximum?
Answer: t = 3.7 yrs, see below for more details.
Particular solution for the donkey population:
y(0)=5, M=40 =>  A=7

y(0.5)=8= 40 / [1+7ek 0.5)]
y(t) = 40 / [1+7e(ln(16/49)t)]
0.9 * 40  = 36 = y(t1)

b)
A herd of hippos moves into the trash dumpsters behind Tropicana Gardens. Originally it was thought that there were only 3 hippos but currently there are 6 hippos. It is also noticed that the hippos are currently increasing at a rate of 2 per month. If the manufactures of the trash dumpsters claim that 24 hippos can easily fit in their dumpsters, how many hippos will there be in 4 months from now?
15.9 or about 16 hungry hungry hippos, see below for more info.
Particular Solution:
y(t) = 24 / [1+3e((-4/9)t)]
4 months later:
y(4) = 24 / [1+3e(-16/9)]
Examples as Excel-sheets
Numerical approximations
Chapter 6 of Gerschenfeld, pages 67-77
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