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This lecture is about concepts of mathematical modelling, and about the kinds of techniques that are useful for modelling. It covers exact and approximate analytical techniques, numerical methods, and model inference based on observations. A focus will be on applications across a broad range of Earth System Modelling and Analysis. It discusses the general components of the modelling process and highlights the potential of modelling in practice. The second part of the lecture provides case studies, with examples, exercises, and projects.


Literature:
· The nature of mathematical modeling, N. Gershenfeld, Cambridge University Press, Cambridge, 2003, 344 pp.

· Applied Mathematical Modeling: A Multidisciplinary Approach; von D. R. Shier, K. T. Wallenius, pp. 443, CRC PrILlc, ISBN    1584880481

· Imboden, D. und Koch, S. (2003). Systemanalyse - Einführung in die mathematische Modellierung natürlicher Systeme. Springer-Verlag, Berlin Heidelberg.
· Script for part of the course Mathematical modelling, here below, G. Lohmann, 2006


Preliminary Schedule:
1) 24.4. Introduction, Aim of modelling,  Linear differential equations, Laplace transformation                                                                      2) 8.5.   Types of Models, Examples: Exponential & Logistic, Newton’s cooling, Numerical schemes 
3) 15.5. Practical applications with R: Ordinary differential equations 

4) 22.5. Partial differential equations with applications in Earth System Science 


        5) 29.5. Examples and Numerical schemes
6) 12.6. Practical units: Partial differential equations
7) 19.6. Difference equations, Logistic map and Chaos, Bifurcations



                                               8) 26.6. Master and Fokker-Planck Equation, Bownian Motion 




        
 9) 3.7.   Practical units: Applications from "Statistical Mechanics" 

10) 10.7. Linear and non-linear time series analysis, Statistical Modelling, Significance testing
11) 17.7. Empirical modelling and Kalman Filter 





             12) 24.7. Practical units: Spectrum, wavelet, EOF, SSA

How to get the Credit Points / Schein?
· Projects with matlab and R / minutes (5-10 pages including figures)

· Practical work within the lessons
· Help of Thomas Laepple (tlaepple@awi-bremerhaven.de)

Earth system analysis

The earth is a complex dynamic system. System because many things are connected. Dynamic because the system is not static but varies on all time scales. A more detailed explanation for the term system will be given later. It is presently important to notice that in the course of several centuries natural sciences achieved an incredible ability to part the system earth into smaller and smaller pieces, i. e. into subsystems, and these again into sub-subsystems etc. So the resulting shapes, systems again, became analyzable. In most cases this analysis is based on mathematical methods. Dividing the world's phenomena into small, clear pieces, a method which is called reductionism, is criticised by many people today, because this procedure does not consider the interaction between the different components.

This lecture shall impart how systems are modelled and examined. Here, we focus on the principle of constructing simplified pictures of complex systems. In many cases these pictures, called models, have a mathematical form, e. g. in the form of a system of equations. Although there are also other models, the mathematical models play a central role, especially in the computer era. The development of system analysis therefore goes hand in hand with the development of the corresponding mathematical basics.

The tasks of system analysis

It is the concrete aim of the lecture to impart the ability to 

- analyse real environmental systems and describe them as adequately as 

  possible by means of simple mathematical models with regard to the 

  interesting questions;

- discuss and in some cases analytically resolve the resulting 

  mathematical equations (especially differential equation systems);

- examine complicated models by means of computer programmes and 

  thus understand the limits of simulation and the occurrence of possible

  mathematical artefacts;
- learn about statistical modelling, calculation of spectra, regression    analysis and the use in Earth environmental sciences.
Definition of the term "system"

A system is a holistic coherence of things, processes and parts. A system can be given by nature or produced by men. On the one hand, a system is characterised by its components (objects), on the other hand by the connections (interactions) between these components. A pile of metal parts still does not represent a system. However, if the pieces are put together in the right way, a steam engine might come into existence. This illustrates, why we say: There is more to a system than the sum of its parts.

An important term is the system limit. It separates the system from its environment. The system limit does not deny the existence of interactions between system and environment (on the contrary: these are the rule), but the system limit causes an asymmetry when describing the interactions beyond the limit: In system analyses, the external (environmental) influences on the system are called external forces; they influence the dynamics of the system. Vice versa we assume that the system's feedacks on the environment is not relevant for the latter (Fig. 1). Often we also say that the environment is infinitely robust resp. infinitely large compared to the system, so that the feedbacks of the system on its environment can be neglected. In many cases such a hierarchy of interactions is only given approximately. The following examples illustrate this aspect:

Example: the Earth as a system

The earth is a system. It is especially influenced by the energy flux from the sun (external force). Vice versa we can assume that the earth has no perceptible influence on the system sun. We could draw a useful system limit between earth and environment anywhere in the upper stratosphere (or even higher).

System limits cannot always be drawn in such a simple way.
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Figure 1: Earth system analysis

Example: lake

A lake is a body of water, limited by the surfaces of water and sediment. Our aim is e. g. to describe the concentration of phosphor in the lake. We soon discover a default in determining the system limit: The phosphor content of the seawater depends on the re-dissolution of phosphor from the sediment. There are large quantities of phosphor stored in the sediment as a consequence of previous phosphor pollutions. Therefore we choose as a system: body of water and body of sediment. We further notice that it is impossible to predict the regime of the phosphor concentration in the lake without knowing what happens in its catchment area (population growth, building of purification plants, agriculture politics, drainage of land etc.). We thus elect as a system: body of water, sediment and catchment area. 
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Figure 2: Lake as a dynamical system

Summary: Systems are theoretical constructs, helping us to understand a part of the environment. There is no absolutely valid limitation for a system. Choosing the system limit depends on the formulation of the question.

The model

To analyse systems, we have to depict them in some way, as a drawing, functional scheme, mathematical equation or as a verbal description. Such depictions are called models. Models are always simplified descriptions of a real system. The architect first designs the building with a scaled down scheme. In chemistry they use balls and rods to imagine the molecules (Fig. 3). Models are used everywhere, as physical models (architectural model) or as purely theoretical constructs (heliocentric planetary model). Models have a long tradition in natural sciences and technique. They are used to express the characteristics of reality which are considered important and to neglect those which seem secondary. 

By these simplifications, good models allow us to obtain an easily understandable, mathematically calculable image of the real world which is suitable for experimental examinations.

If a model is formulated with the aid of mathematical relations (equations etc.), we speak of mathematical models. This lecture deals with construction and use of mathematical models in natural sciences.
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Figure 3: Examples of models: a) architectural model: minimized version of a real or planned building b) model of chemical molecules c) mathematical model: 2. Kepler's law d) conceptional model: Feedbacks
The role of models in science

To develop any scientific theory you need models: Without models there is no generalised (transferable) knowledge. However, the word 'model' does not necessarily mean a complicated computer programme. Even the assumption that the power flowing through an electric resistor increases  proportionally to the voltage is a model (see example later this lecture). A classic example for how scientific knowledge develops can illustrate the central role of model building better than a large explanation. In building any theory you perceive the following phases:

1. Collecting 

observations, measurements: In his optimally equipped observatory Uranienborg near Copenhagen Tycho Brahe (1546 - 1601) collects data on planetary movements.

2. Sorting 

search for the principle of classification in the collected data: Johannes Kepler (1571 - 1630) classifies Brahe's planetary orbits and finds three laws which he formulates mathematically.

3. Understanding 

search for a superior principle with which to understand the empirically found order: Isaac Newton (1643 - 1727) shows that Kepler's laws can be explained by physical principles which are valid beyond astronomy.

4. Generalising 

Can the laws be transferred to other situations?

Based on the equivalence of inert and heavy mass, which was already postulated by Newton, Albert Einstein (1879-1955) develops his general theory of relativity.

5. Prognosis

Can the (perhaps generalised) regularities be used to predict future observations resp. phenomena? The theory of relativity by Albert Einstein remained a mathematical bauble until astronomical phenomena predicted by Einstein could really be observed. Finally, collecting data only makes sense if further knowledge develops out of them, either as a generalised statement, prognosis or to formulate new questions, i. e. plan new experiments. Models are needed for the application of observations.

Depicting the environment

Following the definition of system and model, two main tasks can be identified:

Empirical information (observations, measurement data etc.) are arranged with regard to the construction of a (mostly mathematical) model. This shall be able to explain the data in a simple way as a result of the inner structure of the model and the external forces. We are thus searching for the (most simple) structure which reproduces the empirically found connection between input values and the system's condition.
Figure 4: The black box Model
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When a data-compatible model is constructed and the model values are determined, the behaviour of the system under different conditions can be predicted and compared to further measurements with the aid of the model. This is the validation of the model. Perhaps general theses can be revised. On principle, the process of modelling is similar to that of an unlimited iteration process, which is stopped when a sufficient precision is reached. Figure 5 shall illustrate this.

Figure 5: The iterative process of a model construction
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Continuing with part of Chapter 2 of Gershenfeld, pp. 9-17:

· Linear differential equations

· Characteristic equation

· An RC circuit

· Harmonic oscillator

· Systems of differential equations

· Laplace transforms

· Transfer function
