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What is dynamics?

Definition: The study of atmospheric and
oceanic motions, with emphasis on the
physical laws that govern such motions.
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Basic Laws

Conservation of mass (continuity equation)

Conservation of energy (1st law of
thermodynamics)

Newton’s 15t Law (no resultant force — no
change in motion)

Newton’s 2nd Law (rate of change of motion of a
body is proportional to resultant force acting on it)

Conservation of angular momentum
Newton’s Law of Gravitation
ldeal Gas Law (equation of state: atmosphere)




Fundamental Mathematical
Concepts and Operations

Fundamental state variables such as wind
speed, temperature and pressure are functions
of (i.e., depend upon) the independent variables
(X,Y, z, ).

For example, atmospheric pressure can be
expressed as a function of space and time:

P=P(x,Y,1,t)




Expansion of Total Derivative

If f=7f(x,y,z,t) then

ﬂ_@f of dx of dy of dz
dt ot ax dt aydt 82 dt

with U = % V=—2 dy dZ
T dt

dt dt

u = west-east component of fluid velocity
v = south-north component of fluid velocity
w = vertical component of fluid velocity




df d 6f d
dt at 8x dt 82 dt

Euler’s relation (expansion of total derivative):

df of of of of
— =—4U—+V—+W—
dt ot OX oYy 07

A B C D E

Term A: Total rate of change of f following the fluid motion
Term B: Local rate of change of f at a fixed location

Term C: Advection of f in x direction by the x-component flow
Term D: Advection of f in y direction by the y-component flow

Term E: Advection of f in z direction by the z-component flow




Total Derivative vs. Local
Derivative

Total derivative is the temporal rate of change
following the fluid motion. Example: A thermometer
measuring changes as a balloon floats through

the atmosphere.

Local derivative is the temporal rate of change
at a fixed point. Example: An observer measures
changes in temperature at a weather station.




Advection Terms

Assume that thin lines are contours of
a scalar quantity f and thick arrows
indicate the fluid motion. We wish to
evaluate the advection term  5f A
u —_—

ox

At point A: u>0 ﬂ S0 U ﬂ ~ () =p Transport from low to high:

OX OX “negative advection of 7~

of of _
AtpointB: U=0, P >0—>uU P =0 =» “neutral advection of 7

AtpointC: U< 0, @ >0—> U ﬂ <0 = Transport from high to low:
' 9,

X OX “positive advection of 7




Uses of the gradient operator

If f =1(x,y,z,t) iIs a scalar function, then

V,f -

/

indicates gradient horizontal gradient  vertical gradient
is computed in 3

dimensions v 9 f

C

Vf is a vector that points in the direction of /
most rapid increase of f at a given point, and — Vi
Vf points from low to high values of f.

Low




Calculate gradient of a function!

* F(x,y,z)= 3x"2 -6 xy +y*2 z




Euler’s relation (expansion of total derivative):

of of
u —+V—+ W—
dt OX 0Z
@VJFDV Vi
OX

of
L P

dt 8’[




Divergence of a Vector

dlvi_ -X_ &A* aAy
oy 82

(Divergence Is a scalar guantity.)

Example (divergence of the wind):

V?_@u av oW
OX ay 0z




Laplacian of a Scalar

0°¢ 0°¢
@yz P

(The Laplacian is a scalar quantity.)




Calculate divergence operator !

. f(x,y,z)= (x"2y,xz, -yz"2)

Calculate Laplace operator !

g(x,y,z)=x"2*y *cos(x) + xz-y z"2 —-In(z)




Continuum Mechanics

we do not treat the fluid as a collection of
Individual molecules.

we treat the fluid as a continuum in which a
“point” is a volume element that is very small
compared to the total fluid volume but still
contains a very large number of molecules.

These volume elements are commonly called
“air/water parcels” or “air/water particles.”

The properties of these volume elements
describe the state of the system.




Newton’s Second Law

* motions are governed
by Newton’s second
law of motion, which
states that the rate of
change of momentum
of an object equals
the sum of all the
forces acting.




Pressure Gradient Force

We consider a very small
volume element of air

N =X &

that Is centered at the
point (XO : yO,ZO)

(Xo’YO’Zo)




Pressure force exerted on left wall: Fg,

Pressure force exerted on right wall: F,,

Net x component of pressure force:
Fx = FAx + FBx

FBx
—
OL

Method: Use Taylor expansion to
develop a mathematical expression
for the pressure force at the center
of this fluid element.




Taylor series expansion:

f(x)=f(x,)+ f'(X,)(X =X, )+ higher order terms

In this case (neglecting higher
order terms):

p(Xo)"'Z_z(X_ Xo)

Therefore, we can express
the pressure forces as




mass = density x volume

M= p X oy L




In vector form:

— _EVp

m p

Note: Pressure force is proportional to gradient of pressure.




Divergence Theorem

One of the most important theorems in vector analysis is known as the
Divergence Theorem. This is essentially just an application of the
fundamental theorem of calculus

b

df (x)

! —dx = £(b)-f(a)

This enables us to express the integral of the quantity df/dx along an
interval in terms of the values of f itself at the endpoints of that
interval. Now suppose we are given a scalar function f(x,y,z)
throughout a region V enclosed by a surface S, and we want to
evaluate the integral of the quantity f over this entire region. This
can be written as

[%d&r = _”I%dxdydz

v ZY¥X

where the three integrals are evaluated over suitable ranges to cover
the entire region V.




Divergence theorem examples

Compute f f gF ~dS where

—

.2 <
F=0Gx+ :—”, yz -sinx“z, xz + ye© )

and S 1s surface of box

Use outward normal n.



http://www.math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/255trip/255trip.html
http://www.math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/flux/flux.html

Convert 2 to 3 dim. surfaces

Di‘rergeuce Theorem

Let E be a simple solid region and S 1s the boundary surface of E with positive orientation. Let

F be a vector field whose components have continuous first order partial derivatives. Then,

‘[ij-a@ — jydivﬁdr

The Divergence Theorem relates relates volume integrals
to surface integrals of vector fields.



http://www.math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/255trip/255trip.html
http://www.math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/flux/flux.html

Vorticity

Vorticity is the microscopic measure of spin and rotation in a fluid.

o . E
Vorticity is defined as the curl of the velocity: V xV

T

\A
—
- §‘A§ Wind direction varies — clockwise spin

»
»

»
»

Wind speed varies — clockwise spin

P
Absolute vorticity (inertial reference frame): £a =V XVa

_ o _ _ P
Relative vorticity (relative to rotating earth): = V XV




Expansion of relative vorticity into Cartesian components:

. OW \~ ov du |»
|+ ——— |+ ——— |k
(02 6xj (ax 8yj

For large scale dynamics, the vertical component of vorticity is
most important. The vertical components of absolute and
relative vorticity in vector notation are:

~ P ] . From now on,

¢ =k- (V XV) relative vorticity vorticity implies the
vertical component
(unless otherwise

n= k- (V x\Z) absolute vorticity stated.)




The absolute vorticity is equal to the relative vorticity plus the
earth’s vorticity. Since the earth’s vorticity is

E-(Vx\Z):ZQsin¢: f

é,_@_@_u and p=—-—-——+F=0+f°
oy

X oy OX

For large scale circulations, a typical magnitude for vorticity is

U 5 1
~—=10"5s
J L




Circulation and Vorticity

The relationship between relative vorticity ¢ and circulation can
be seen by considering the following expression, in which we
will define the relative vorticity as the circulation about a closed
contour in the horizontal plane divided by the area enclosed by
that contour, in the limit as the area approaches zero.

¢ =lim(§v-dl )a

A—0

Evaluating \7dr for each side of
I the rectangle yields the circulation:

ov
VI X L =u 5x+(v+@6xj5y—(u +%u5y)5x—v5y

OX

écz(av ou ) _)éC_(@_&_uj:C:

SA | ox oy




Vorticity On The Weather Map

Vorticity Maximum: Along the trough
axis to left of the strongest flow. Both
shear and curvature terms are positive.

trough

axis
city
u
Max
ridge

axis

Vorticity Minimum: Along the ridge axis to
right of the strongest flow. Both shear
and curvature terms are negative.




Potential Vorticity

Adiabatic flow can be described by Kelvin’s circulation theorem:

%(C +2QAsing)=0

where C is evaluated for a closed loop encompassing the area oA on
an isentropic surface.

: L . C
The vertical component of vorticity is given by ¢ =lim —,
A—0

thus if the isentropic surface is approximately horizontal, for an
Infinitesimal parcel of air:

d

a(aA(ge +f))=0— A, + f )= const
on an sentropit parameter

surface




The Vorticity Equation

To understand the processes that produce changes in vorticity, we
would like to derive an expression that includes the time derivative of

vorticity: d (v ou i
dt\ ox oy

Recall that the momentum equations are of the form
du
P
dv
e
Thus we will begin our derivation by taking

K X-component momentum equation

K y-component momentum equation

0
—[y-component momentum equation] — a[x—componen‘r momentum equation]




a—[y-componen’r momentum equation] — 5[x-componen’r momentum equation] =
X

o|lov oV oV oV d|lou ou o
u +U—+V—+W
8x{8t OX ot ox oy

ooV o av au 82v oV OV 82v X 1 1
+U—+ +——+W +u —— +—
OX ax ax axay oy OX OX0Z az ax yo) o,

o°u L duau o°'u ouov  d%u , Ou ow @_g INgzp 1

+Uu +V—+——+W — f —— + 2(
8X<9y Ox 0y _oy" Oy oy 0y52 ozoy oy _o y_p

& ov ou o(ov ou 0(ov ou oV oulj ou ov
——— HWV— | HW— ——— | ——— | —+— I+

8x OX oYy oy\ox oy o7\ ox oy oXx oy \ox oy
O _(8_p8,0_8p GpJ P

2 — =R +UY=+V—+

ay oy oX Ox oy %KX oy %
( av L a_u+@ N OW oV OW ou +vﬂ= 1(dpdp opop
P ax 8y ox oy oy oz 2

oy p-\oyox oxoy
(owov_awau), 1 (@pap _opap
Ox 0z oy o1 2\ oy ox ox oy

oy OX
op op
OX oy

vorticity equation




Stokes Theorem

Stokes Theorem

Let C be any closed curve in 3D space, and let S be any surface bounded by C:
§Fedr=[[(VxF)sndo
S

This is a fairly remarkable theorem. since S can be any surface bounded by the curve. and have just about
any shape.




Stokes’ Theorem

Consider a vector field B(i) where:
B(F) = VXA (F)

Say we wish to integrate this vector field over an open surface
R

J[B(F)- o = [[ vxA () - ok

& &

We can likewise evaluate this integral using Stokes’ Theorem:

|| VXA (F)- o5 = FA(F)- J¢

In this case, the contour C is a closed contour that surrounds
surface 5. The direction of C is defined by ds and the right -
hand rule. In other words € rotates counter clockwise around
ds. E.G.



A Gallery of Vector Fields

To help understand how a vector field relates to its
mathematical representation using base vectors, carefully
examine and consider these examples, plotted on either the
x-y plane (i.e, the plane with all points whose coordinate z=0)
or the x-z plane (i.e, the plane with all points whose
coordinate y=0).

Spend some time studying each of these examples, until you
see how the math relates to the vector field plot and vice
versa.

Remember, vector ﬁe!ds—\
expressed in terms of

scalar components and base
vectors—are the
mathematical language that
we will use to describe much
of  Dynamics -you
must learn how to speak

\ and interpret this language! )
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