5¢ Random Systems

can be found by taking derivatives of the appropriate order and evaluating at E = 0 (only
one term will be nonzero).

Another important object i3 the logarithm of the characteristic function. If we choose
to write this as a power series in & of the form (for the 1D case)
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this defines the cumulants C, {note that the sum starts at . = 1 because log 1 = 0 and so
there is no constant term). The cumulants can be found by comparing this to the power
series expansion of the characteristic function,
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expanding the exponential as
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and grouping terms by order of k. The camulants have an interesting connections to
Gaussianity (Problem 5.1).

52 STOCHASTIC PROCESSES

It is now time for time to appear in our discussion of random systems. When it docs,
this becomes the study of stochastic processes. We will look at two ways to bring in time:
the evolution of probability distributions for variables correlated in time, and stochastic
differential equations.
If z(t) is a time-dependent random variable, its Fourier transform
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is also a random variable but its power spectial density S(v) is not:
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{(where X* is the complex conjugate of X, replacing i with —i). The inverse Fourier
transform of the power spectral density has an interesting form,
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Stochastic Processes
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found by using the F ourier transform of a delta function
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where the delta function is defined by
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This is the Wiener—IK hinchin theorem. It relates the spectrum of a
he autocorrelation

its autocovariance function, or, if it is normalized by the variance, t
function (which features prominently in rime series analysis, Chapter 16).
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If the conditional distribution is limited to a finite history
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this is said to be an Nth-order Markov proc
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it is simply called a Markov process, and if z and ¢ are discrete variables
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an Nth-order Markov process for a scalar

it becomes a Markov Chain. As with ODEs,




