Chapter 7

Geostrophic Flows and Vorticity
Dynamics

(July 5, 2006)SUMMARY : This chapter treats homogeneous flows with small Rossby and
Ekman numbers. It is shown that such flows have a tendencystagi vertical rigidity.

The concept of potential vorticity is then introduced. Tloduson of vertically homoge-
neous flows often involves a Poisson equation for the presdistribution, and numerical
techniques are presented to accomplish this.

7.1 Homogeneous geostrophic flows

Let us consider rapidly rotating fluids by restricting oueation to situations where the Cori-
olis acceleration strongly dominates the various acceterderms. Let us further consider
homogeneous fluids and ignore frictional effects, by asegmi

Ror < 1, Ro < 1, Ek < 1, (7.1)

together withp = 0 (no density variation). The lowest-order equations gowvgrauch homo-
geneous, frictionless, rapidly rotating fluids are thedaiihg simplified forms of equations

of motion, E2):

—fv = _ 19 (7.2)
po Ox
10
tfu = ——2£ (7.3)
po Oy
B 1 Op
0 = PR (7.4)
ou v ow _— (7.5)
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186 CHAPTER 7. GEOSTROPHY AND VORTICITY

wheref is the Coriolis parameter.
This reduced set of equations has a number of surprisingepiiep. First, if we take the
vertical derivative of the first equatiobl.Q), we obtain, successively,

O Lo (o _ 10 (o) _
0z po 0z \0xz) po 0x \9dz)
where the right-hand side vanishes becausEd).( The other horizontal momentum equa-

tion, {3, succumbs to the same fate, bringing us to conclude thatetiieal derivative of
the horizontal velocity must be identically zero:

ou ov
% 5 0. (7.6)
This result is known as th&ylor—Proudman theoreifTaylor, 1923; Proudman, 1953).
Physically, it means that the horizontal velocity field hawartical shear and that all particles
on the same vertical move in concert. Such vertical rigiita fundamental property of
rotating homogeneous fluids.
Next, let us solve the momentum equations in terms of thecitgloomponents, a trivial
task:

_ 1o _ Al 0p
pof Oy’ pof Oz’

with the corollary that the vector velocityu( v) is perpendicular to the vectodf/dx,
dp/dy). Since the latter vector is none other than the pressuidiaga we conclude that
the flow is not down-gradient but rather across-gradieng flthid particles are not cascading
from high to low pressures, as they would in a nonrotatingoas flow but, instead, are nav-
igating along lines of constant pressure, cailembars(Figurel/=]). The flow is said to be
isobaric, and isobars are streamlines. It also impliestb@ressure work is performed either
on the fluid or by the fluid. Hence, once initiated, the flow canspst without a continuous
source of energy.

(7.7)

Figure 7-1 Example of geostrophic
flow. The velocity vector is everywhere
parallel to the lines of equal pressure.
Thus, pressure contours act as stream-
lines. In the Northern Hemisphere (as
pictured here), the fluid circulates with
the high pressure on its right. The op-
posite holds for the Southern Hemi-
sphere.

Such a flow field, where a balance is struck between the Ceréwold pressure forces,
is calledgeostrophigfrom the Greek;yn = Earth ando7popn = turning). The property is
calledgeostrophyHence, by definition, all geostrophic flows are isobaric.
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A remaining question concerns the direction of flow alongspuee lines. A quick ex-
amination of the signs in expressiof§4) reveals that, wher¢ is positive (Northern Hemi-
sphere, counterclockwise ambient rotation), the curfeirigls flow with the high pressures
on their right. Wheref is negative (Southern Hemisphere, clockwise ambientiootpithey
flow with the high pressures on their left. Physically, thegsure force is directed from the
high pressure toward the low pressure initiating a flow irt theection, but on the rotating
planet, this flow is deflected to the right (left) in the NorthéSouthern) Hemisphere. Figure
[Z-2 provides a meteorological example from the Northern Hehésp.

If the flow field extends over a meridional span that is not tadewthe variation of the
Coriolis parameter with latitude is negligible, afi¢an be taken as a constant. The frame of
reference is then called tligolane In this case, the horizontal divergence of the geostrophic
flow vanishes:

Ou  Ov 0 (1 Op 9 (1 9py _
g "oy T T oa (pof 3.1/) " oy (Pof 31?) - {68

Hence, geostrophic flows are naturally nondivergent orf-fflane. This leaves no room for
vertical convergence or divergence, as the continuity ggugZ3) implies:

ow
0z
A corollary is that the vertical velocity, too, is indepemdlef height. If the fluid is limited
in the vertical by a flat bottom (horizontal ground or sea far &tmosphere) or by a flat lid
(sea surface for the ocean), this vertical velocity muspsymanish, and the flow is strictly
two-dimensional.

= 0. (7.9)

7.2 Homogeneous geostrophic flows over an irregular bot-
tom

Let us still consider a rapidly rotating fluid, so that the fl@ageostrophic, but now over an
irregular bottom. We neglect the possible surface dispfergs, assuming that they remain
modest in comparison with the bottom irregularities (Fefzd). An example would be the
flow in a shallow sea (homogeneous waters) with depth rarfgimg 20 to 50 m and under
surface waves a few centimeters high.

As shown in the development of kinematic boundary cond&ti@®8), if the flow were to
climb up or down the bottom, it would undergo a vertical vépproportional to the slope:

0b ol
= u— — 7.10
W=y gy (7.10)
whereb is the bottom elevation above the reference level. The aisaty the previous section
implies that the vertical velocity is constant across thtreepth of the fluid. Since it must

be zero at the top, it must be so at the bottom as well; that is,
b Ob
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Figure 7-2 A meteorological example showing the high degree of pdistebetween wind velocities
and pressure contours (isobars), indicative of geostcophliance. The solid lines are actually height
contours of a given pressure (500 mb in this case) and natymest a given height. However, because
atmospheric pressure variations are large in the vertichlxgeak in the horizontal, the two sets of con-
tours are nearly identical by virtue of the hydrostatic ha& According to meteorological convention,
wind vectors are depicted by arrows with flags and barbs: oh &, a flag indicates a speed of 50
knots, a barb 10 knots and a half-barb 5 knots (1 knot = 1 reutide per hour = 0.5144 m/s). The
wind is directed toward the bare end of the arrow, becausearmbgists emphasize where the wind
comes from, not where it is blowing. The dashed lines ardé&ats. Chart by the National Weather
Service, Department of Commerce, Washington, D.C.
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1. >

w Figure 7-3 Schematic view of a flow
potio™ over a sloping bottom. A vertical ve-
b locity must accompany flow across iso-
baths.

and the flow is prevented from climbing up or down the bottoopsl This property has
profound implications. In particular, if the topographyststs of an isolated bump (or dip) in
an otherwise flat bottom, the fluid on the flat bottom canneteisto the bump, even partially,
but must instead go around it. Because of the vertical tigifithe flow, the fluid parcels at
all levels — including levels above the bump elevation — nfikstvise go around. Similarly,
the fluid over the bump cannot leave the bump but must remane ttSuch permanent tubes
of fluids trapped above bumps or cavities are callagor columngTaylor, 1923).

In flat-bottomed regions a geostrophic flow can assume arpipatterns, and the actual
pattern reflects the initial conditions. But, over a bottofmewe the slope is non-zero almost
everywhere (Figurig=9), the geostrophic flow has no choice but to follow the deptitecors
(calledisobath$. Pressure contours are then aligned with topographi@cesitand isobars
coincide with isobaths. These lines are sometimes alsedgdostrophic contoursNote
that a relation between pressure and fluid thickness existsamnot be determined without
additional information on the flow.

Open isobaths that start and end on a side boundary canrmirs@my flow, otherwise
fluid would be required to enter or leave through lateral lwzwies. The flow is simply
blocked along the entire length of these lines. In other wogdostrophic flow can occur
only along closed isobaths.

Figure 7-4 Geostrophic flow in a
closed domain and over irregular to-
pography. Solid lines are isobaths (con-
wall tours of equal depth). Flow is permitted
" — only along closed isobaths

The preceding conclusions hold true as long as the upperdaouis horizontal. If this
is not the case, it can then be shown that geostrophic flowsaarstrained to be directed
along lines of constant fluid depth. (See Analytical Probief) Thus, the fluid is allowed
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to move up and down, but only as long as it is not being veljicjueezed or stretched.
This property is a direct consequence of the inability ofsgeaphic flows to undergo any
two-dimensional divergence.

7.3 Generalization to non-geostrophic flows

Let us now suppose that the fluid is not rotating as rapidlghabthe Coriolis acceleration
no longer dwarfs other acceleration terms. We still corgtita suppose that the fluid is
homogeneous and frictionless. The momentum equationssar@angmented to include the
relative acceleration terms:

ou ou ou ou 1 Op
E—l—u%—l—va—y—i—w%—ﬁ) = —%% (7.12a)

ot ox dy 0z po Oy

Pressure still obey&(2), and continuity equatiofi/{3) has not changed.

If the horizontal flow field is initially independent of depti will remain so at all fu-
ture times. Indeed, the nonlinear advection terms and th@l@oterms are initially z-
independent, and the pressure terms are,s6o0dependent by virtue off{4). Thus,ou/ot
and dv /0t must bez-independent, which implies thatandv tend not to become depth-
varying and thus remaig-independent at all subsequent times. Let us restrict aentxin
to such flows, which in the jargon of geophysical fluid dynasdce calledarotropic Equa-
tions [ZI23 then reduce to

ou ou ou B 1 op
o ety N T T (7:138)
v ov ov 1 9p
o e Ty TN T Ty (713

Although the flow has no vertical structure, the similaritygeostrophic flow ends here.
In particular, the flow is not required to be aligned with thelars, nor is it devoid of vertical
velocity. To determine the vertical velocity, we turn to tiaoity equation[{5),

ou n ov n ow
ox y 0z
in which we note that the first two terms are independent it do not necessarily add up
to zero. A vertical velocity varying linearly with depth carist, enabling the flow to support

two-dimensional divergence and thus allowing a flow acresbaths.
An integration of the preceding equation over the entirafiépth yields

ou v bth bth
(@ + a—y) /b dz + [w]b = 0, (7.14)

:0’
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..... . Refertince surface

H
k Figure 7-5 Schematic diagram of un-
steady flow of a homogeneous fluid
over an irregular bottom and the attend-
z=0 \ ing notation.

whereb is the bottom elevation above a reference level anslthe local and instantaneous
fluid layer thickness (Figuifé=3). Because fluid particles on the surface cannot leave the sur
face and particles on the bottom cannot penetrate throwghdtiom, the vertical velocities

at these levels are given B2 and B3]

0 0 0
_ O on . On
ot * “or + U@y
ob ob
w(z="0) = um- + va—y. (7.16)

Equation I3 then becomes, using the surface elevatieab + h — H:

an 0 0 B
En + %(hu) + a—y(hv) =0, (7.17)

which supersedeRl 19 and eliminates the vertical velocity from the formalism.

Finally, since the fluid is homogeneous, the dynamic presguis independent of depth.
In the absence of a pressure variation above the fluid suf&ge uniform atmospheric
pressure over the ocean), this dynamic pressure is

P = pogn, (7.18)

whereg is the gravitational acceleration accordindddd3d. With p replaced by the preceding
expression, equatior£{3 and [ IF) form a 3-by-3 system for the variablesv andr. The
vertical variable no longer appears, and the independeiatblas arer, y andt. This system

IS

ou ou ou B on

v v v B an

ot as Ty T = gy (7.195)
on 0 0 B
En + £(hu) + 8—y(h1}) = 0. (7.19¢)
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Although this system of equations is applied as frequentthé atmosphere as to the ocean,
it bears the namshallow-water modBl If the bottom is flat, the equations become

ou ou ou oh
v v v oh
oh 0 0

This is a formulation that we will encounter in layered mad@ghaptefld).

7.4 \orticity dynamics

In the study of geostrophic flows (Secti@d), it was noted that the pressure terms cancel
in the expression of the two-dimensional divergence. Latays repeat this operation while
keeping the added acceleration terms by subtracting-tierivative of [ZI33 from thez-
derivative of [ZI30). After some manipulations, the result can be cast as fatlow

d ov ou ou ov ov ou
E (f + a—x - 8_1/) + (a—x + 8_1/) (f + = — —) =0, (7.21)
where the material time derivative is defined as

d 0 . 0 n 0
- = = U V.
dt ot ox oy
In the derivation, care was taken to allow for the possibit a variable Coriolis parameter

(which on a sphere varies with latitude and thus with pos)tidhe grouping

v ou
[+ g 3y f+< (7.22)
is interpreted as the sum of the ambient vorticity With the relative vorticity ( = 0v/dx —
Ou/dy). To be precise, the vorticity is a vector, but since the zamtal flow field has no
depth-dependence, there is no vertical shear and no editlielsarizontal axes. The vorticity
vector is strictly vertical, and the preceding expressi@naty shows that vertical component.
Similarly, terms in the continuity equatiofi.{L}), can be regrouped as

d ou ov
Eh + (a + 8_y) h = 0. (7.23)

1In the absence of rotation, these equations also bear the oBaint-Venant equationi honor of Jean Claude
Saint-Venant (1797-1886) who first derived them in the cdrdériver hydraulics.
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If we now consider a narrow fluid column of horizontal crossifonds, its volume ishds
and, by virtue of conservation of volume in an incompressfhlid, the following equation
holds:

d

—(hds) = 7.24
This implies, as intuition suggests, that if the parcel isesged vertically (decreasiry, it
stretches horizontally (increasinlg), and vice versa (Figuig=g). Combining [Z.Z3 for h
with [Z23) for hds yields an equation fads:

d ou ov
—ds = (% + a_y) ds, (7.25)

which simply says that horizontal divergenéai(dx + dv /0y > 0) causes widening of the
cross-sectional ared, and convergenceé(/0x + dv/0dy < 0) a narrowing of the cross-
section. It could have been derived from first principle® (&aalytical Problem 7-4).

Now, combining[.23) and [Z23) yields

d
Zl(f +¢ds) =0 (7.26)

and implies that the produ¢lf + ()ds is conserved by the fluid parcel. This product can
be interpreted as the vorticity flux (vorticity integrategeo the cross-section) and is there-
fore thecirculation of the parcel. EquatiodZ{Z8) is the particular expression for rotating,
two-dimensional flows of Kelvin’s theorem, which guarasteenservation of circulation in
inviscid fluids (Kundu, 1990, pages 124-128).

f+<
2

ds Horizontal convergence f-2‘rC

& D T
D "

[ ——mu mo—

—— Horizontal divergence

Figure 7-6 Conservation of volume and circulation of a fluid parcel ugdeng vertical squeezing or
stretching. The productsds and(f + ¢) ds are conserved during the transformation. As a corollary,
the ratio(f + ¢)/h, called the potential vorticity, is also conserved.

This conservation principle is akin to that of angular motoenfor an isolated system.
The best example is that of a ballerina spinning on her to#h;ver arms stretched out, she
spins slowly, but with her arms brought against her bodysslies more rapidly. Likewise in
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homogeneous geophysical flows, when a parcel of fluid is sgaHaterally {s decreasing),
its vorticity must increasef(+ ¢ increasing) to conserve circulation.

Now, if both circulation and volume are conserved, so isrth&tio. This ratio is par-
ticularly helpful, for it eliminates the parcel’s crossetien and thus depends only on local
variables of the flow field:

d (f+¢\ _
AT o

where

_fH+C  f 4 Ov/ox — Ou/dy
= 7 T h

(7.28)

is called thepotential vorticity The preceding analysis interprets potential vorticitgiasu-
lation per volume. This quantity, as will be shown on nhumsroccasions in this book, plays
a fundamental role in geophysical flows. Note that equaffoA} could have been derived
directly from [Z23) and [Z.Z3 without recourse to the introduction of the variahike
Let us now go full circle and return to rapidly rotating flovilspse in which the Coriolis

force dominates. In this case, the Rossby numberis mucthlassinity Ro = U/QL <« 1),
which implies that the relative vorticity (= dv/0x — du/dy, scaling ad// L) is negligible
in front of the ambient vorticity f, scaling a<£?). The potential vorticity reduces to

L
h
which, if f is constant — such as in a rotating laboratory tank or for bgsisal patterns of
modest meridional extent — implies that each fluid columntrnecosserve its height. In
particular, if the upper boundary is horizontal, fluid pasamust follow isobaths, consistent
with the existence of Taylor columns (Sect[6id).
Before closing this section, let us derive a germane restitch will be useful later.
Consider the dimensionless expression

(7.29)

z—>b
0= =, (7.30)
which is the fraction of the local height above the bottormhte full depth of the fluid, or, in

short, the relative height above bottoth< o < 1). Its material time derivative is

do 1 d z—0b dh

— = = (z-b) - 7.31

a - hat YT Tm (7.31)
Sincedz/dt = w by definition of the vertical velocity and becausevaries linearly from
db/dt at the bottom£ = b) to d(b + h)/dt at the top £ = b + h), we have

de _ . _ b z—bdh
a YT W hodt

Use of this last expression to eliminaie/dt from (Z3J) cancels all terms on the right,
leaving only:

(7.32)
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= —o. (7.33)

Thus, a fluid parcel retains its the relative position wittia fluid column.

7.5 Rigid-lid approximation

Exceptin the case when fast surface waves are of interestt¢8B.1), we can exploit the fact
that large-scale motions in the ocean are relatively slodviatnoduce the so-calledgid-lid
approximation Large-scale movements with small Rossby humbers are wWagsostrophic
equilibrium, and their dynamic pressure thus scales aspoQU L (see BIB), and, since
p = pogn in a homogeneous fluid, the scalel of surface-height displacementsAsd ~
QU L/g. Using the latter in the vertically-integrated volume-servation equation, we can
then compare the sizes of the different terms. Assuminghiegime scale is not shorter than
the inertial time scalé /<, we have:

) d B
E + %(hu) + 8—y(hl)) = O
HU HU
R A A

in which QAH ~ Q2>UL/g, and the scale ratio of the first term to the other terms is
O2L?/gH. In many situations, this ratio is very small,

0212
gH

< 1, (7.34)

and the time derivative in the volume-conservation equatiay be neglected:

o Bl
5 () + a_y(h“) =0. (7.35)

This is called theigid-lid approximation(FigurelZ=4).

This approximation, however, has a major implication whensslve the equations nu-
merically, because now, instead of using the time-dexieadf the continuity equation to
marchn forward in time and determine the hydrostatic presgurem it, we somehow need
to find a pressure field that ensures that at any momentghsportfield (U, V) = (hu, hv)
is nondivergent.
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Figure 7-7 A free-surface formulation (left panel) allows the surfaganove with the flow, whereas
a rigid-lid formulation assumes a fixed surface, under wipigssure is not uniform because the “lid”
resists any local upward or downward force.

The momentum equations of the shallow-water model can lastéttransport form:

0 B h Op
with  F, = — g(huu) — —(hvu) + fhv
x
0 B h Op
&(hv) Y + Fy (7.36b)
with  F, = — 2(huv) - 2(hvv) — fhu
v Ox Oy '

Since we have neglected the variatipin surface elevation, we can take in the preceding
equationsh = H — b, a known function of the coordinatesandy. The task ahead of us
is to find a way to calculate from the preceding two equatiBii3gd and [Z361) a pressure
field p that leads to satisfaction of constraififi35). To do so, we have two approaches at our
disposal. The first one is based on a diagnostic equationrémspre (Sectioi.g), and the
second one on a streamfunction formulation (Sedfidh

7.6 Numerical solution of the rigid-lid pressure equation

The pressure method uses equati@h383 and to construct an equation for pressure
while enforcing the no-divergence constraint. This is acplishes by adding the-derivative

of (Z.363 to they-derivative of [L36H) and exploitinglz39) to eliminate the time derivatives.
Placing the pressure terms on the left then yields:

2 (Ro), 2 (ha) ok on
ox \ po Oz oy \poOdy) Oz dy (7.37)
:Q.

This equation for pressure is the archetype of a so-callgatic equation
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To complement it, appropriate boundary conditions must fowiged. These pressure
conditions are deduced from the impermeability of soli@dat boundaries or from the in-
flow/outflow conditions at open boundaries (see Sedi@h For example, if the boundary
is parallel to they-axis (sayr = x¢) and is impermeable, we need to impdse = 0 (no
normal transport), and themomentum equation in transport form reduces there to

%% _ (7.38)

while along an impermeable boundary parallel to:itkexis (sayy = yo), we need to impose
hv = 0 and obtain from thg-momentum equation

hop = F,. (7.39)
po Oy
In other words, the normal pressure gradient is given alomgermeable boundaries. At in-
flow/ouflow boundaries, the expression is more complicatedt fs still the normal pressure
gradient that is imposed. An elliptic equation with the nataberivative prescribed all along
the perimeter of the domain is called a Neumann proBJem

One and only one condition at every point along all boundaféhe domain is necessary
and sufficient to determine the solution of the elliptic eipra (Z3J). Since the pressure
appears only through its derivatives in both the elliptic&ipn [Z33 and the boundary
condition [Z39—(Z39, the solution is only defined within an additional arbigraonstant,
the value of which may be chosen freely without affectingrisulting velocity field. There
is a natural choice, however, which is to select the constanhat the pressure has a zero
average over the domain. By virtuef= pggn, this corresponds to stating thahas a zero
average over the domain.

Numerically, the solution can be sought by discretizingeHiptic equation for pressure
across a rectangular box:

! Divry = By Dig —Pi1y
A (hi+1/2 ) e _hi—l/z - L +

Az Az Ar (7.40)
1 Dij+1 — Di,j Dij — Pij—1 .
A_y (hj+1/z # —hj—ip # = poQij-

This form a set of linear equations for tip¢; values across the grid, connecting five un-
knowns at each grid point (Figui&d), a situation already encountered in the treatment of
two-dimensional implicit diffusion (Sectidf.®). But there is a circular dependence: The
right-hand sideyy();; is not known until the velocity components are determinetitae de-
termination of these requires the knowledge of the preggadient. Because the momentum
equations are nonlinear, this is a nonlinear dependendeharmmethod for constructing and
solving a linear system cannot be applied.

2|f the pressure itself had been imposed all along the peemeftthe domain, the problem would have been
called a Dirichlet problem.
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Figure 7-8 Discretization of the two-
dimensional elliptic equation. The
stencil is a five-point array consist-
ing of the point where the calcula-
tion is performed and its four neigh-
bors. These neighboring points are
in turn dependent on their respective
neighbors, and so on until boundary
points are reached. In other words, the
value at every point inside the domain
is influenced by all other interior and
boundary values. Simple accounting
indicates that one and only one bound-
ary condition is needed at all boundary
€z points.

The natural way to proceed is to progress incrementallyelfgsume that at time level
we have a divergent-free velocity field’(, 7™), we can usdf.40) to calculate the pressure at
the same time level and use its gradient in the momentum equations to updatestbeity
components for time levet + 1. But, this offers no guarantee that the updated velocity
components will be divergence-free, despite the fact ieptessure distribution corresponds
to a divergent-free flow field at the previous time level.

Once again, we face a situation in which discretized eqnatio not inherit certain math-
ematical properties of the continuous equations. In thée cae used properties of divergence
and gradient operators to build a diagnostic pressure iequadm the original equations, but
these properties are not transferable to the numericaégpaess special care is taken.

The design of adequate discrete equations, however, carspiead by the mathematical
operations used to reach the pressure equdfid)( We started with the velocity equation
and applied the divergence operator to make appear thegdivee of the transport that we
then set to zero, and we should perform the same operatidihe @liscrete domain to ensure
that at any moment the discrete transport field is nondiverigea finite volume. This is
expressed by discrete volume conservation as:

hi+1/2ﬂi+1/2 - hi—l/Qai—l/Q hj+1/277j+1/2 - hj—l/Qaj—l/Z o 7.41
+ = 0. (7.41)
Az Ay
A
T
D Dit1 .
@i\l oD it o’ Figure 7-9 Arrangement of numer-
ical unknowns for easy enforcement
4 of numerical volume conservation and
Vj—1/2 pressure-gradient calculations.

Anticipating astaggered grictonfiguration (Figur@=9), we realize that it would be nat-
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ural to calculate for each cell the velocifyat the middle of the left and right interfaces
(i+1/2, j) and the other velocity componenat the middle of the top and bottom interfaces
(i,7 + 1/2) so that the divergence may be calculated most naturallZ.#lY. In contrastp
values are calculated at cell centers. Leapfrog time digetéon applied tol.363—({Z.36h)
then provides:

_ e Di+1 — D
hiapolif ), = higpUlD), + 28 Foppyy — 20t higy), ;JW (7.42a)

— 2t hyj, PP (7.420)

o+l n—1
hj+1/2vgl+1/2 - hj+1/2v?+1/2 + 24t F, oAy

J+u/z2
in which we omitted for clarity the obvious indicésj andn.

Requesting now that the discretized versl@@) of the non-divergence constraint hold
at time leveln + 1, we can eliminate the velocity values at that time level bynbming
the equationdf42 so that these terms cancel out. The result is the soughtdificretized
equation for pressure:

1 Pi+1 — P p — Pi—1 1 Pj+1 — P p— Dj—1
RS (hmu ~ hi_wii) + L (hMZM St

Ax Ax Ax Ay Ay Ay
=0 Fmi+1/2 - Fri—1/2 + ij+1/2 B ij71/2
0 Az Ay
~n—1 ~n—1 ~n—1 ~n—1
+ o hi+1/2u?+1/2 - hi—1/2u?71/2 + hj+1/2v;'l+1/2 - hj*1/2u?—1/2
2At Ax Ay ’

(7.43)

where once again the obvious indices have been omitted.

It is clear that, up to the last term, this equation is a discversion of [L33) and re-
sembles[lZZ0). The difference lies in the last term, which would vanisthi transport field
were divergence free at time level— 1. We kept that term should the numerical solution
of the discrete equation not be exact. Keeping the non-zeooede divergence at — 1 in
the equation is a way of applying an automatic correctioméodiscrete equation in order to
insure the non-divergence of the transport at the new tired te+ 1. Neglecting this correc-
tion term would result in a gradual accumulation of errord Hiws an eventually divergent
transport field.

To summarize, the algorithm works as follows: Knowing véipealues at time levels
andn — 1, we solve [.4J iteratively for pressure, which is then used to advanceaigl in
time using [Z.423 and [Z42.). For quickly converging iterations, the pressure calioites
can be initialized with the values from the previous timestehis iterative procedure is one
of the sources of numerical errors against which the last téri{ZZ43 is kept as a precaution.

The discretization shown here is relatively simple, buhi@ tore general case of higher-
order methods or other grid configurations, the same apprceat be used. We must ensure
that the divergence operator applied to the transport féaliisicretized in the same way as the
divergence operator is applied to the pressure gradienthéunore, the pressure gradient
needs be discretized in the same way in both the velocitytegquand the elliptic pressure
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equation. In summary, the derivatives similarly labelethi@ equations below must be dis-
cretized in identical ways to procure a mathematically cehescheme:

0 0
%(hu) + a—y(hv)_()
~ ~—~
(1) (2)
0 h 0O
—(h = —— — 4+ F,
ZA
(3)
0 B h Op
5 ) = " o0 Dy y
(4)
L)+ AEE)-Ln b
SN \U/ Po& ~ \U/

(1) (3) (2) (4) (1) (2)

It also means one can generally not resort to a “black boyjteltequation solver to obtain
a pressure field that is used in “hand made” discrete velecjtiations.

7.7 Numerical solution of the streamfunction equation

Instead of calculating pressure, a second method in usethéthgid-lid approximation is a
generalization of the velocity streamfunctigrto thevolume transport streamfunctioh:

o) 09
o = o) Y (7.45b)
ox ox

The difference between two isolineswfcan be interpreted as the volume transport between
those lines, directed with the highérvalues to its right.

When transport components are calculated accordinf #H)( volume conservation
({239 is automatically satisfied and, as shown in Sed&dh the numerical counterpart can
also be divergence-free. We may therefore discretize thatem governing? without hesi-
tation, sure that its discrete solution will lead to a welhbeed discrete velocity field.

To obtain a mathematical equation for the streamfunctitbny@have to do is to elimi-
nate the pressure from the momentum equations. This is auishead by dividing [L.363
and by h, differentiating the former by and the latter by:, and finally subtracting
one from the other. Replacement of the transport comporientnd hv in terms of the
streamfunction then yields:

O 0 (Low) 0 (1OWN| 0 (Fy\ 0 (F:
ot |0z \ h Ox Oy \ h Oy T 9z \ h oy \ h (7.46)



7.7. STREAMFUNCTION 201

The right-hand side could be further expanded in terms oftiteamfunction, but for the sake
of the following discussion it is sufficient to lump all itsrtes into a single “forcing” ternd).
We now consider a leapfrog time discretization or any otinee tliscretization that allows

us to write
o (108\"" o (108)"" o
o (ﬁ%) + % (Ea_y> = F(U", unt ). (7.47)
In the case of a leapfrog discretization the right-hand side
o (1o9\" o (108\"
F(om,on1 ) = 3 (E%) + ay <58—y> (7.48)
+ 2ALQ",

which can be evaluated numerically knowifg and ¥™~!. The problem then amounts
to solving [ZZ3) for ¥+!. Again, an elliptic equation must be solved, as for the pness
equation in the previous section, and the same method capptied

Differences, others than the terms in the right-hand side pateworthy. First, instead
of h appearing inside the derivatives/h is involved, which increases the role played by
the streamfunction derivatives in shallow regiohs+ 0, usually near boundaries), possibly
amplifying errors on boundary conditions. This is in costrep the pressure formulation,
in which the influence of the vertically integrated pressgradient decreases in shallow
regions. Applications indeed reveal that the solution efPmisson equatio[4J is better
conditioned and converges better thZ).

A second difference is related to the formulation of bougdamditions. While in the
pressure approach imposing zero normal velocity leadsdoditton on the normal derivative
of pressure, a Neumann condition, the streamfunction ftatian has the apparent advantage
of only demanding that the streamfunction be constant atoeglid boundary, a Dirichlet
condition. A problem arises for ocean models when islandpagsent within the domain
(Figure[/=I0). Knowing that the streamfunction is constant on an impaivtee boundary
does not tell us what the value of the constant ought to bes i§ho small matter because
the difference of streamfunction values across a chanfieledethe volume transport in that
channel. Such volume transport should be determined byythandics of the flow and not
by the modeler’s choice.

The streamfunction equation being linear with known rightid side allows superposi-
tion of solutions, and we take one island at a time:

0 [ 10y o (1ogw\
oz (h 3x) T 5y (h ay) =0 (7.49)
with ¢, setto zero on all boundaries except= 1 on the boundary for the-th island. Each

island thus engenders a dimensionless streamfunégiién, y) that can be used to construct
the overall solution

\I/(I,y,t) = Wf(xayvt) + Z g/k(t)wk(xay)v (7.50)
k
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Figure 7-10 Boundary conditions on
the streamfunction in an ocean model
with islands. The streamfunction value
must be prescribed constant along im-
permeable boundaries. Settidg and
¥, for the outer boundaries is reason-
able and amounts to imposing the to-
tal flow across the domain, but set-
ting a priori the value of¥; along the
perimeter of an island is in principle
not permitted, because the flow around
the island should depend on the inte-
rior solution and its temporal evolu-
tion. Clearly, a prognostic equation for
the streamfunction value on islands is
needed.

Boundaryl'y

whereV; is the particular solution of EquatiofL&) with streamfunction set to zero along
all island boundaries and prescribed values along the botandaries and wherever the vol-
ume flow is known (for example at the inflow boundary as dediateFigurel/=I0). The
Uy (t) coefficients are the time-dependent factors by which tledskontributions must be
multiplied to construct the full solution. What should tedactors be is the question.

One possibility is to project the momentum equations ong¢odinection locally normal
to the island boundary, as was done to determine the bourmdaditions in the pressure
formulation. Invoking Stokes theorem on the closed confoumed by the perimeter of
the k-th island then provides an equation for the time derivatidg /dt. Repeating the
procedure for each island leads to a linear selNoéquations, wheréV is the number of
islands. These equations can then be integrated in &nge Bryan and Cox, 1972). This
approach has become less popular over the years for sexasalrs, among which is the non-
local nature of the equations. Indeed, each island equatiaives both area and contour
integrals all over the domain, causing serious difficultig=n the domain is fragmented for
calculation on separate computers working in parallel. cByonization of the information
exchange of differentintegral pieces across computerbeaery challenging. Nevertheless,
the streamfunction formulation is still available in mamtje-scale ocean models.

7.8 Laplacian inversion

Because the inversion of a Poisson-type equation is a estiutask in numerical models, we
now outline some of the methods designed to invert the dis&eisson equation

bis1y — 2ij + Yio1 bij+1r — 24ij + Yy
Vi1 — 2055 + Yot i Yij+1 — 2%+ i1 _ i (7.51)

Ax? Ay?




7.8. LAPLACIAN INVERSION 203

where the right-hand side is given ands the unknown fieldl Iterative methods outlined in
Sectiorb.g using pseudo-time iterations were the first methods usealve a linear system
for +; ;. The Jacobi method with over-relaxation reads

&(k_—w—l)

,J

2 2 *)
<@ i E) G T
T (k T (k T (k T (k 7 (k T (k
Py = 2000 + 90 N P = 208 + 9 o
Ax? Ay? G

_ B ™

2J 4,J

(7.52)

in which the residuad is used to correct the previous estimate at iteratign Taking the re-
laxation parameter > 1 (i.e., performing over-relaxation) accelerates convergeneartds
the solution, at the risk of instability. By consideringraéons as evolution in pseudo-time,
we can assimilate the parameteto a pseudo-time step and perform a numerical stability
analysis. The outcome is that iterations are stabde they converge) provided < w < 2.

In terms of the general iterative solvers of Secfin matrix B in (&58) is diagonal. The
algorithm requires at least as many iterations to propabatenformation once through the
domain as they are grid points across the domain\/Ifs the total number of grid points
in the 2D model, then/M is an estimate of the “width” of the grid, and it takes\/ itera-
tions to propagate information once from side to side. Uguaf iterations are needed for
convergence, and the cost rapidly becomes prohibitive witeased resolution.

The finite speed at which information is propagated duringeuical iterations does not
reflect the actual nature of elliptic equation, the intercaetness of which theoretically im-
plies instantaneous adjustment to any change anywhereyandnse that we should be able
to better. Because in practice the iterations are only sacg$o arrive at the converged solu-
tion, we do not need to mimic the process of a time-dependgrat®n and can tamper with
the pseudo-time.

The Gauss-Seidel method with over-relaxation calculdtesdsidual instead as

2 2 k) _
(AIQ * AyQ) Cj =

B o LAY o+ B
Ax? Ay?

— Gij (7.53)

in which the updated values at the previous neighhbiorsi( j) and ¢, j — 1) are immediately
used (assuming that we loop across the domain with incrgasindj). In other words, the
algorithm [Z53 does not delay using the most updated values. With this siaving also
comes a saving of storage as old values can be replaced byaiees\as soon as these are
calculated. MatrixB of equationfe.58) is triangular, and the Gauss-Seidel loFpED) is the
matrix inversion performed by backward substitution. Thetmod is calledSOR successive
over-relaxation.

3Generalization to equations with variable coefficientshsash or 1/k, as encounterd in the preceding two
sections for example, is relatively straightforward, anel keep the notation simple here by assuming constant
coefficients.
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The use of the most recentvalues during the iterations accelerates convergencedbut n
in a drastic way. Only when the relaxation parametés set at a very particular value can the
number of iterations be reduced significantly, fréM/) down toO(v/M) (see Numerical
Exercise 7-6). Unfortunately, the optimal valuewoflepends on the geometry and type of
boundary conditions, and a small departure from the optirakle quickly deteriorates the
convergence rate. As a guideline, the optimal value behases

w~2 -« n (7.54)
m
for a square and isotropic grid witlh grid points in each direction, and with parameter
a = O(1) depending on the nature of the boundary conditions.
Because of its easy implementation, the SOR method was wgmylar in the early days
of numerical modeling, but when vector and, later, paraeghputers appeared, some adap-

tation was required. The recurrence relationships thaeéapim the loops do not allow to

calculatey’\"") before the calculations af." ") and """ are finished, and this prevents

independent calculations on parallel processors orvemhlnes Inresponse, the so-called
red-blackmethods were developed. These perform two Jacobi itesatartwo interlaced
grids, nicknamed “red” and “black” (FiguEETLJ).

Figure 7-11 To avoid recurrence rela-
tionships, the discrete domain is swept
by two loops, working on white and
gray dots separately. During the loop
updating white nodes, only values of
the gray nodes are used, so that all
white nodes can be updated indepen-
dently and immediately. The reverse
holds for the gray nodes in the second
loop, and all calculations may be per-
formed in parallel. Because the origi-
nal algorithm (eference hereused red
and black colored nodes, the name red-

black is the one given to the two-stage
7 sweep mechanism.

If we want to reduce further the computational burden asgediwith the inversion of the
Poisson equation, we must exploit the very special natu@&fl) and the resulting linear
system to be solved. For the discrete versiahl) of the Poisson equation, the matAxre-
lating the unknowns, now stored in an arsayis symmetric and positive definite (Numerical
Exercise 7-10). In this case, the solutionfof = b is equivalent to solving the minimization
of

—O0—O—O0—0O—=C
—O—O0—O0—0—<C
—O0—O—O0—0O0—=C
—O0—O0—O0—0—<C
—O0—O—O0—0O0—=C
—O—O0—O0—0—<C

1
J==-x"Ax—x'b (7.55)

V,J=Ax—b (7.56)
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with respect tax. We then have to search for minima rather than to solve arliegaation
and, though apparently more complicated, the task can alsadkled by iterative methods.
The minimum ofJ is reached when the gradient with respect g zero:V,J = 0. This is
the case when the residuak= Ax — b is zero,i.e., when the linear problem is solved.

The use of a minimization approaah g, Golub and van Loan, 1990) instead of a linear-
system solver relies on the possibility of using efficiennhimization methods. The gradient
of J, the residual, is easily calculated and only takés operations for the matrid arising
from the discrete Poisson equation. The value/pff desired, is also readily obtained by
calculating two scalar products involving the already kaldé gradient. A standard mini-
mization method used in optimization problems is to miniize cost functiory by follow-
ing its gradient. In this method, called tbteepest descentethod, a better estimate =fis
soughtin the direction in whicli decreases fastest. Starting fraignand associated residual
r = Axy — b a better estimate of is sought as

X = X — afr, (7.57)

which is reminiscent of a relaxation method. The parametsrthen chosen to minimizé.
Because the form is quadraticdn this can be achieved easily (see Numerical Exercise 7-7)
by taking

r'r

== 7.58

T T Ar ( )
which, becausd is positive definite, can always be calculated as long asesidwal is non-
zero. If the residual vanishes, iterations can be stoppeduse the solution has been found.
Otherwise, from the new estimatea new residual and gradient are computed, and iterations
proceed:

Initialize by first guess x(© =x,
Loop on increasing k until the residual r is small enough

r=Ax"*) —b
o rTr
T T Ar

xFHD = x(®) _qp

End of |oop on k.

where residual and optimal descent parametehange at each iteration. It is interesting to
note that the residuals of two successive iterations at®gadnal to each other (Numerical
Exercise 7-7).

Although very natural, the approach does not converge kg@dd conjugate gradient
methods have been developed to provide better convergate® rin these methods, the
direction of progress is no longer the direction of the ses¢pescent but is prescribed from
among a set, noteg}. We then look for the minimum along these possible direstion

X =Xp— (1€1 — (xgg — (x3€3 — ... — pr€eps. (759)
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If there areM vectorse;, chosen to be linearly independent, minimization with ezsfio
the M parametersy; will yield the exact minimum of/. So, instead of searching for tiié
components ok, we search for thé/ parametersy; leading to the optimal state. This
solves the linear system exactly. A simplification in theca#dtions arises if we choose

e]/Ae; =0 when i#j, (7.60)

because in this case the quadratic fofrrakes the form

1
J = QXOTAxo—xgb
ot
2
2

+ %e;—AEQ — OQe—Qr (AXO — b)

eIAel — ozleI (AXQ — b)

2
o
TMG-]&AGJW — aMeL (AXO — b) . (761)

This expression is readily minimized with respect to eacrapetera, and yields, with
rop = AXQ - b,
-

ekl’o E—1

O =

= o M 7.62
e']g Aek’ ) ) ( )

In other words, to reach the global minimum and thus the goludf the linear system,
we simply have to minimize each term individually. The diffity, however, is that the con-
struction of the set of directiores; is complicated. Hence, the idea is to proceed step-by-step
and construct the directions as we iterate, with the planagsng iterations when residuals
have become small enough. We can start with a first arbitiaggtibn, typically the steepest
descent; = Axy — b. Then, once we have a setloflirections that satishiZ{60), we only
minimize along directior, by (Z62):

) = -1 e (7.63)
This leads to a new residug] = Ax(*) — b

r,. = Fgp_1— akAek
= g — Oqul — a2A62 — ... — akAek. (7.64)

This shows that, instead of calculating according tol(.62), we can use

T
€ rr—1
A =

= 44— 7.65
e (7.65)

because of propertfZ{60). We can interpret this result together wilAg§4 by showing that
the successive residuals are orthogonal to all previouslsetirectionse;, so that no new
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search in those directions is needed. Expres§cBl is also more practical because it re-
quires the storage of only the residual calculated at theiquie iteration. The construction
of the next directiore, 1 is then performed by a variation of the Gram-Schmidt orthedo
ization process of a series of linearly independent vectdle conjugate gradient method
chooses for this set of vectors the residuals already @bkl which can be shown to be or-
thogonal to one another and hence linearly independent.n\@pplying the Gram-Schmidt
orthogonalization in the sense §£60), it turns out that the new directios, 1 is surpris-
ingly easy to calculate in terms of the last residuals anctbedirection €.g, Golub and van
Loan, 1990):

2
e |

S (7.66)
1|l

€p+1 = Fi +

from which we can proceed to the next step. The algorithmesetfore only slightly more
complicated than the steepest-descent method, and wehabteé no longer need to store
all residuals or search directions, not even intermediaiteas ofx. Only the most recent one
needs to be stored at any moment for the following algorithm:

Initialize by first guess

0 2
X( ) = Xop, I’OZAXQ—b, e =¥rp, So = HI’QH
Loop on increasing k until the residual r is snmall enough
elrk,l
A = T
e, Aey

x®) = x(k=1) _ Qe
Y, ="rp_—1 — akAek

2
sk=|rel

k
€
Sk—1

End of |oop on k.

€r+1 =¥ +

Because we minimize independent terms, we are sure/df&eps to be at the minimum,
within rounding errors. For the conjugate-gradient metth@dexact solution is therefore ob-
tained withinM iterations, and the overall cost of our special sparse rRiaiwersion arising
from the two-dimensional discrete Poisson equation behasé/>. There is, however, no
need to find the exact minimum, and, in practice, only a cemamber of successive mini-
mizations are necessary, and convergence is generaliypebtaithin A//3/2 operations. This
does not seem an improvement over the optimal over-retaxabut the conjugate-gradient
method is generally robust and has no need of an over-rgaxadrameter. If in addition a
proper preconditioning is applied, it can lead to spectaotbnvergence rates.

Preconditioning needs to preserve the symmetry of the prnoldnd is performed by
introducing a sparse triangular mattixand writing the original problem as

L'AL "L™x =L 'b, (7.67)
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so that we now work with the new unknowrd x and modified matri. "*AL™". This
matrix is symmetric, and, it is chosen correctly, also positive definiteAfis. The re-
sulting algorithm, involving the modified matrix and unknows very close to the original
conjugate-gradient algorithm after clever rearrangeréitte matrix-vector products. The
only difference is the appearence Nf 'r, whereM~! = L~ TL". Becausas = M~ !r
is the solution ofMu = r, the sparseness and triangular naturd @flows us to perform
this operation quite efficiently. IE = C is obtained from a Cholesky decomposition of the
symmetric positive-definite matri& = CC", whereC is a triangular matrix, a single step of
the conjugate-gradient method would suffice, because trezsion of A would be directly
available. For this reasoh,is often constructed by the Cholesky decomposition but imith
complete and cost-effective calculations, imposind-angiven sparse pattern. This leads to
the incomplete Cholesky preconditiorﬂnqhis reduces the cost of the Cholesky decomposi-
tion itself, but increases the number of iterations needaapared to a situation in which the
full Cholesky decomposition is available. On the other hdingkenerally reduces the number
of iterations compared to the version without preconditign An optimum is therefore to
be found in the amount of preconditioning, and the particak®ice of preconditioning is
problem dependent. Stability of the iterations might be ezasional problem.

Most linear-algebra packages contain conjugate-gradietihods including generaliza-
tions to solve non-symmetric problems. In this case we casider the augmented (double)

problem
5900

which is symmetric and possesses the same solwtion

More efficient solution methods for special linear systesnsh as our Poisson equation,
exist and exhibit a close relationship with Fast Fouriem&farms (FFT, see Appendix C).
The cyclic block reduction methods.@, Ferziger and Peri¢, 1999), for example, can be
applied when the discretization constants are uniform anahfary conditions simple. But
in such a case, we could also use a spectral method couple&mitforimmediate inversion
of the Laplacian operator (see Sectltfig). In these methods, costs can be reduced down to
M log M.

Finally, the most efficient methods for very large problemesraultigrid methods. These
start from the observation that the pseudo-evolution aggranimics diffusion, which gener-
ally acts more efficiently at smaller scales [see dampirggraf discrete diffusion operators
(&39), leaving larger scales to converge more slowly. But, ¢hlasger scales can be made
to appear as relatively shorter scales on a grid with widigl gpacing so that their conver-
gence can be accelerated (using, incidentally, a largerdosgéme step). Thus, introducing
a hierarchy of grids as multigrid method does, accelerates convergence by iterating on dif-
ferent grids for different length scales. Typically the hwd begins with a very coarse grid,
on which a few iterations lead to a good estimate of the brbage of the solution. This
solution is then interpolated onto a finer grid on which salerore iterations are performed,
and so on down to the ultimate resolution of interest. Thaitens may also be redone on the
coaser grids after some averaging to estimate the broatisoftom the finer grid. Multigrid

“More generally, an incompletel decomposition approximates any matfiby the product of lower and upper
sparse triangular matrices.
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methods, therefore, iterate and cycle through differeidisge.g, Hackbusch, 1985), and the
art is to perform the right number of iterations on each gnd & choose wisely the next
grid on which to iterate (the finer or coarser grid). For wélbsen strategies, the number of
operations required for convergence behaves asymptgtasal/, and multigrid methods are
therefore the most effective ones for very large probletesations on each of the grids may
be of red-black type with over-relaxation or any other mettdth appropriate convergence
properties.

We only scratched here the surface of the problem of solamngel and sparse linear
algebraic systems to give a flavor of the possible approaeneshe reader should be aware
that there is a large number of numerical solvers availaiisgecific problems. Since these
are optimized for specific computer hardware, the pracacal operational task of large-
system inversion of the discrete Poisson equation shoukeftie libraries provided with the
computing system available. Only the choice of when to shapiterations and the proper
preconditioning strategy should be left to the modeler.

Analytical Problems

7-1. Alaboratory experimentis conducted in a cylindrical tadkcgn in diameter, filled with
homogeneous water (15 cm deep at the center) and rotatirigran® A steady flow
field with maximum velocity of 1 cm/s is generated by a sowsitdedevice. The water
viscosity is 106 m?/s. Verify that this flow field meets the conditions of geostrpp

7-2. (Generalization of the Taylor—Proudman theorem) By reitisf) thef,.—terms of equa-
tions B.2J) and into (Z2) and [£3), show that motions in fluids rotating rapidly
around an axis not parallel to gravity exhibit columnar hédrain the direction of the
axis of rotation.

7-3. Demonstrate the assertion made at the end of Sdfitbnamely, that geostrophic flows
between irregular bottom and top boundaries are consttainiee directed along lines
of constant fluid depth.

7-4. Establish equatiodZ[Z9) for the evolution of a parcel's horizontal cross-sectiooni
first principles.

7-5. In a fluid of depthH rapidly rotating at the rat¢ /2 (Figurel/=12), there exists a uni-
form flow U. Along the bottom (fixed), there is an obstacle of heigfit(< H/2),
around which the flow is locally deflected, leaving a quiesdaylor column. A rigid
lid, translating in the direction of the flow at spedl, has a protrusion identical to
the bottom obstacle, also locally deflecting the otherwisiéoum flow and entraining
another quiescent Taylor column. The two obstacles areedigvith the direction of
motion so that there will be a time when both are superimpogessuming that the
fluid is homogeneous and frictionless, what do you think Wwabpen to the Taylor
columns?
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s IH/ Figure 7-12 Schematic view of a hy-
Y — pothetical system, as described in Prob-
| | lem 7-5.

7-6. As depicted in Figur@=I3 a vertically uniform but laterally sheared coastal cutren
must climb a bottom escarpment. Assuming that the jet vgistil vanishes offshore,
determine the velocity profile and the width of the jet doweain of the escarpment
usingH; = 200m, H, = 160m,U; = 0.5m/s,L; = 10 kmandf = 10~4 s~ ..
What would happen if the downstream depth were only 100 m?

7-7. What are the differences in dynamic pressure across theéat@etsof Problem 7-6 up-
stream and downstream of the escarpment? Take 160 m andpy = 1022 kg/n.

7-8. In Utopia, a narrow 200-m deep channel empties in a broad basarging bottom
topography (Figur&=I9). Trace the path to the sea and the velocity profile of the
channel outflow. Tak¢ = 10~ s~!. (Solve only for straight stretches of the flow and
ignore corners.)

7-9. A steady ocean current of uniform potential vortiajty= 5 x 10~” m~!s~! and volume
flux T = 4x 105 m? /s flows along isobaths of a uniformly sloping bottom (withtbat
slopeS = 1 m/km). Show that the velocity profile across the current impalic. What
are the width of the current and the depth of the location afimam velocity? Take
f=7x10"*s1

7-10. Show that the rigid-lid approximation can also be obtaingddésuming that the verti-
cal velocity at top is much smaller than at the bottom. Esthlihe necessary scaling
conditions that support your assumptions.
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Figure 7-13 A sheared coastal jet negotiating a bottom escarpment IgfnoD-6).

Numerical Exercises

7-1. An atmospheric pressure figicover a flat bottom is given on a rectangular grid accord-
ing to

pij = Puexp(—r?/L?) +pe&iy r* = (zi—x)® + (yj — ye)? (7.69)

where¢ is a normal (Gaussian) random variable of zero mean and tamitiard devi-
ation. The high pressure anomaly isBff = 40 hPa and its radiug = 1000 km.
For the noise level, take. = 5 hPa. Use a rectangular grid centered aroundy,
with a uniform grid spacinddz = Ay = 50 km. Calculate and plot the associated
geostrophic currents fof = 10~% s~1. To which extent is volume conservation satis-
fied in your finite-difference scheme? What happens i 10 hPa orAz = Ay =

25 km? Can you interpret your finding?

7-2. Use the sea surface height reconstructed from satelliéeaahat stored in filemdt _oer _ner ged_h_18861. nc
to calculate associated geostrophic ocean currents atbe&Lif stream usifgopexcir cul at 1 on. m
to read the data. For conversion from latitude and longitodecal Cartesian coordi-
nates, 2 latitude = 111 km and“llongitude = 111 kmx cos(latitude). {The altimeter

products have been produced by the CLS Space Oceanograyibipbj see also Ducet
etal., 2000.

7-3. Use the meteorological pressure field at sea level to cagleostrophic winds over
Europe. First use the December 2000 monthly average sebpmssure. Then look
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To sea : :
D — .~ ;
20 km 20 km; 50 km =
500 m deep :  300mdeep : 100 m deep g
J J g g
U=2mis dn‘h\ 200 m deep Figure 7-14 Geometry of the idealized
— bay and channel mentioned in Problem
300 m 7-8.

at daily variations.[EraZu._mwill help you read the data. Take care of the actual
Coriolis parameter value and the distances to be calculedadthe longitude-latitude

information (see Numerical Exercise 7-2).

What happens if you try to redo your calculations in orderlengyour sailing trip in
the northern part of Lake Victoria?ECMWF ERA-40 data were obtained from the
ECMWF data server

7-4. Calculate with the red-black approach the numerical smtutf {Z5J) in the basin
depicted in Figur@=I8 with ¢; ; = —1 on the right-hand side of the equation and
@-,j = 0 along all solid boundaries. Implement a stopping critebiased on a relative
measure of the residual comparedto

500 km

Jr=10) 100 k

400 km

Figure 7-15 Geometry of the idealized
basin mentioned in Numerical Exercise

7-4.

7-5. Use the conjugate-gradient implementation callei@gT_mto solve the problem of
Numerical Exercise 7-4 with improved convergence.
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7-6. Redo Numerical Exercise 7-4 with the Gauss-Seidel apprasicly over-relaxation and

several values ab between 0.7 and 1.999. For each valuevpktart from zero and
converge until reaching a preset threshold for the residBkdt the required number
of iterations until convergence as a function.of Design a numerical tool to find the
optimal value ofv numerically. Then repeat the problem with other spatiadltg®ons,
taking successively 20, 40, 60, 80 and 100 grid points in e#agttion. Look at the
number of iterations and the optimal value.os functions of resolution.

7-7. Prove that the parametargiven by leads to a minimum of defined in [.59),

for a given starting point and fixed gradiantAlso prove that at the next iteration of
the steepest-descent method, the new residual is orthbggotiee previous residual.
Implement the steepest-descent algorithm. Try to find themim of with

A— (‘;’ }) b= <g> (7.70)

and observe the successive approximations obtained bydtieod starting at the ori-
gin of the axesHint: In the plane defined by the two unknowns, plot isolined @ind
plot the line connecting the successive approximationbecsblution. Make several
zooms near the solution point.

7-8. Implement, as a Matlab function, a general solver for thesgwi equation. Provide

for masked grids and variable resolution such thatdepends or only andAy on j
only, keeping grid cells rectangular. Also permit variatdefficients in the Laplacian
operator, as found ifiZ{Z3) and apply to the following situation.

In shallow, wind-driven basins, such as small lakes anddagpthe flow often strikes
a balance between the forces of surface wind, pressureegtaaind bottom friction.
Upon defining a streamfunction and eliminating the presgraidient, one obtains for
steady flow (Matthieet al., 2002):

0 (2vg OY 0 (2uvg O o [ 1° o [ 7Y

— | —= = — == ==—) - =|— 7.71

Ox ( h3 6x> + Oy ( h3 Oy Oy \ poh Ox \ poh /)’ ( )
wherevy is the eddy viscosityh(z,y) is the local bottom depth, and¥, 7¥) the
components of the surface wind stress. In the applicat@ke tz = 10~2 m?/s,

po = 1000 kg/m?, h(z,y) = 50 — (z2 4+ 4y>/10) (in m, with 2 andy in km), 7% = 0.1
N/m?, andr¥ = 0 within an elliptical domainz2 + 432 < 400 km?.

7-9. Use the general tool of Numerical Exercise 7-8 to simulatestiationary flow across

7-10.

the Bering sea, assuming the right-hand sidd€/of]) is zero. Usdber 1 ngt opo. n
to read the topography of FigureI@ To pass from latitude and longitude to Cartesian
coordinates, use the rule given in Numerical Exercise 7t2nitl cos(latitude) taken
as cos(66.5°N) to obtain a rectangular grid. Compare your solution to ¢hee of
constant, average depth instead of the real topographgtanaing the land mask.

Prove that matrixA arising from the discretizatiofiZ{5J) is symmetric and positive
definite. Show also that the latter property ensureé8z > 0 for anyz # 0.
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Figure 7-16 Model of the Bering Sea
for Numerical Exercise 7-9. For the
calculation of the streamfunction, as-
sume that West of -169longitude all
land points have a prescribed stream-
function ¥'; = 0 and those to the East
U, = 0.8 Sv (1 Sv = 10 m?/s). For
convenience, you may consider clos-
ing the western and eastern boundary
completely and imposing a zero normal
derivative of ' along the open bound-

172 -170 -168 -166 -164 -162 aries.




Geoffrey Ingram Taylor
1886 — 1975

Considered one of the great physicists of the 20th centuryG&offrey Taylor contributed

enormously to our understanding of fluid dynamics. Althobghdid not envision the birth
and development of geophysical fluid dynamics, his reseamnaiotating fluids laid the foun-

dation for the discipline. His numerous contributions t@sce also include seminal work
on turbulence, aeronautics, and solid mechanics. Withfacstasisting of a single assistant-
engineer, he maintained a very modest laboratory, comgianatferring to undertake entirely
new problems and to work alonéRlfoto courtesy of Cambridge University Press
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James Cyrus McWilliams
1946 —

A student of George Carrier at Harvard University, James M@ms is a pioneer in the syn-
thesis of mathematical theory and computational simutdtigeophysical fluid dynamics. A
central theme of his research is how advection producesablipr combinations of global
order and local chaos — and vice versa — evident in oceamiertst as well as analogous phe-
nomena in atmospheric and astrophysical flows. His coritabs span a formidable variety
of topics across the disciplines of rotating and stratified/dl, waves, turbulence, boundary
layers, oceanic general circulation, and computationahods.
McWilliams’ scientific style is the pursuit of phenomenoica discovery in the virtual

reality of simulations, leading, on good days, to dynamigaderstanding and explanation
and to confirmation in nature.

(Photo credit: J. C. McWilliams
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