
Dynami
s I - 2/11 Le
ture MinutesPietro Paolo BertagnolioNovember 9th, 20061 Adve
tionThe adve
tion equation in 1-dimension is:
∂c

∂t
= −u

∂c

∂xWith:
c(x, t) ; f(x) = c(x, t = 0)The solution to this equation is

c(x, t) = f(x − ut)As you 
an see by the fa
t that the derivatives of f(x− ut) on both sides of theequation give the same result.This represents transport of 
on
entrations in �uids, as the shape of thefun
tion f doesn't 
hange with time, but move along the axis x.2 Explanation of terms in the equation of motion(Navier-Stokes equations)2.1 Pressure for
es
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On a volume of �uid with dimensions ∆x∆y∆z with pressure p(x = 0) = p0and p(x = ∆x) = p1the for
e in the x dire
tion will be
Fx = (p0 − p1)∆y∆zthat we 
an approximate as
Fx = −

∂p

∂x
∆x∆y∆zIf we take fx = Fx

∆m
(spe
i�
 for
e or a

eleration):

fx = −
∂p

∂x

∆x∆y∆z

∆m
= −

∂p

∂x

∆V

∆m
= −

∂p

∂x

1

ρwhere ρis the density, mass per unit volume.2.2 Gravitation for
esBy Newton's Law on a body whose 
enter of mass is at a distan
e r from the
enter of mass of the Earth is applied a for
e ~Fg by the gravitational �eld of theEarth itself:
~Fg = −

GMm

r3
~rwhere M is the Earth's mass, G is the gravitational 
onstant, m the mass of thebody.If we take a as the Earth's radius and z as the verti
al 
oordinate from thesurfa
e we'll have for the spe
i�
 for
e ~fg:

~fg = −
GM

(~a + ~z)2
~r

r
= −g0

a2

(a + z)2
~r

r
= −ge

~r

rwhere we de�ne g0 = GM
a2 and ge = g0

a2

(a+z)2 . But sin
e a ≈6400 km and anaverage z =10 km, we see that ge ≈ 1.2.3 Fri
tion for
esFri
tion for
es in geophysi
al �uids are mainly due to shear e�e
ts, where two�uid layers at di�erent velo
ity tou
h and there is a mutual drag:
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This 
an be expressed as a for
e:
~fv =

1

ρ
[∇ · (µ∇~v) + ∇(λ∇ · ~v)]

λand µare experimental fri
tion parameters, while with the usual notation:
∇ · ~q is the divergen
e of ve
tor q
∇s is the gradient of s
alar s
∇~q is a ve
tor whose 
omponents are the gradients of the s
alar 
omponentsof ve
tor q:

(∇~q)i = ∇qi = (
∂qi

∂x1
+ ... +

∂qi

∂xn

)2.4 Coriolis for
es

When a 
oordinate frame is rotating with respe
t to an inertial frame ofreferen
e, the a

elerations in the rotating frame 
an be regarded as apparentfor
es. In the pi
ture above (X, Y ) is the inertial frame, with orthonormal ve
torbasis E = (Î , Ĵ), and (x, y) is the frame rotating with angular velo
ity Ω, withbasis e = (̂i, ĵ). The relations between the two bases are:
î = Î cosΩt + Ĵ sin Ωt

ĵ = −Î sin Ωt + Ĵ cosΩtthat is e = RE, where R is the rotation matrix:
R =

(

cosΩt sin Ωt

− sinΩt cosΩt

)From E = R−1e we have:̂
I = î cosΩt − ĵ sin Ωt

Ĵ = î sin Ωt + ĵ cosΩt3



And for every point (x, y)we have:
x = X cosΩt + Y sin Ωt

y = −X sin Ωt + Y cosΩtWe de�ne now the velo
ity ve
tor ~u = (u, v) in the (x, y) frame as:
~u = (

dx

dt
,
dy

dt
) = (ẋ, ẏ)and in the same way:

~U = ẊÎ + Ẏ Ĵ = (Ẋ cosΩt + Ẏ sin Ωt)̂i + (−Ẋ sin Ωt + Ẏ cosΩt)ĵ

u = Ẋ cosΩt + Ẏ sin Ωt − ΩX sin Ωt + ΩY cosΩt = U + Ωy

v = −Ẋ sinΩt + Ẏ cosΩt − ΩX cosΩt − ΩY sinΩt = V − ΩxNow we take the se
ond derivative ẍ = u̇:
ẍ = Ẍ cosΩt + Ÿ sin Ωt +

d

dt
(Ωy) − ΩẊ sin Ωt + ΩẎ cosΩt

ÿ = −Ẍ sinΩt + Ÿ cosΩt −
d

dt
(Ωx) − ΩẊ cosΩt − ΩẎ sin Ωtand we rewrite it as:

ẍ = Ẍ cosΩt + Ÿ sin Ωt + Ω(V − Ωx) + ΩV

ÿ = −Ẍ sin Ωt + Ÿ cosΩt − Ω(U − Ωy) + ΩU�nally as:
ẍ = A + 2ΩV − Ω2x

ÿ = B − 2ΩU − Ω2yThe se
ond term on the right-hand side of these equations is the Coriolisterm of the apparent for
e, while the third is the 
entrifugal term, that later inthe equations of motion will be summed to the gravitational for
e fg.
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