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Estimating power spectra

Figure 10.2: The FFT magnitudes of the leading PC from NCEP S_P PC.
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One way to estimate the power of just a few harmonics known a priori (such asthediurnal or
annual cycles) isto find the best-fit coefficients between the time series and the sinusoids with a
given frequency. Such aregressional analysisyieldsthe sameresultsasa FT for the same

har monics.

Thereisa good discussion on practical aspects of power spectral estimation in the Numerical
recipes ([], 12.7, p.463). Power spectral density (PSD) nor malisation: there should be some
relation of proportionality between the squared amplitude of the data and the amplitude of the
PSD. There are different conventions: ~sum squared amplitude'*, "mean squared amplitude'”,
and ““time-integral squared amplitude'’, and the PSD estimator s have even greater variability. It
Isimportant to never integrate the PSD outside the range of the Nyquist frequency ( [-fC f;).

Periodogram: graphical representation of the spectral coefficients:

phiy i jk
Ck:Zﬂjexp[ N ],kzl,...,N—l,
=0
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The power spectrum isdefined at N/2 + 1 frequencies, and the PDF can be estimated accor ding
to:

P(0) = p(fo) = 351Col".
P(fi) = 23 Ik + [CnoilP] k= 1,2, .(N/2- 1),

1
P(fe) = p(fny2) = 351Cnpa 1%

fu= ~x = 2fk/Nk = 1,2, (N/2-1).

The periodogram is merely an estimate of the "true'” power spectrum. In what senseisthe
periodogram a ‘true’ estimator of the power spectrum? The expectation value of the
periodogram estimate should on average equal the power spectrum. The std of the estimate for
each bin is 100%.

One can reduce the spectral density estimation uncertainty by: i) taking the sum (not aver age)
over K consecutive binsto obtain a smoother estimate of the mid frequency of those K bins (The

std of the spectral estimateswill decrease by a factor 1fr"'u' K); Ii) by partitioning the data

sequenceinto K smaller subsections of equal length and using the mean periodogram from these

subsequences. The std of the estimates decr ease with the factor 1!” VK when such measures

aretaken.

Since fk repr esents whole frequency bins (halfway from previous frequency to halfway to the
next), P(fk) cannot describe the continuous power spectrum P(f). Expect P(fk) to be some average

of P(f) over a narrow window centred on (fk) with s offset from this bin, and this window
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function can be expressed as:

o - [ ]

which has oscillatory side lobes and a power which falls off with W{S) A~ {ﬂ'ﬁ)_i from fk.
Thisfunction expressestherelation between the spectral estimates Pk at a discrete frequency and

the actual underlying continuous spectrum P(f) at near by frequencies. Such windows extend into
the adjacent frequency bins, and can cause quite substantial spectral leakage.

Figure 10.3: Four commonly used window types. [stats uib 10 1.m]
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The purpose of data windowing isto modify equation 10.1 by applying a Par zen window:

(N+1)/2 "

w; =1 — |

or a Hanning window:
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(N-1)/"
or a Welch window:

j— (N —1)/2)°
(N +1)/2

w; =1 —

Fig. 10.3 shows a few common window types.
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